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In the last lecture we talked about:

m Bayesian Estimation, and MAP as well as MMSE estimators
(or classifiers)
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In the last lecture we talked about:

m Bayesian Estimation, and MAP as well as MMSE estimators
(or classifiers)

m Bayesian Networks (BN) models, when applicable, can simplify
the computations associated to MAP and MMSE estimates
when we deal with multivariate experiments.

m Markov Random Fields (MRF) are, ultimately, the structure
that is used for computations

m More specifically, MRF are mapped in another graph type
called Factor Graph (FG) that aids the description of the MAP
and MMSE algorithms
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m We concluded by introducing the "Sum-Product” algorithm
using Factor Graphs to calculate marginal distributions and
posteriors
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Review of Graphical Models
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Bayesian estimation —

m Maximum A-posteriori Probability estimation approach:
MAP Bayesian: = éMAp(X)::argmguxp(mX)
Inp(X16)
—
= argmax {L(X,0)+1np(0)}

m Optimizing Bayesian risk/loss considering the distribution of ©:

A

6(X) = arggcr(l%E[C(f(X), 0)]

m Special case L(f(X),0)=|f(X)— 0H2 Mean Squared Error
(MSE) and the minimum of MSE(O(X)) = E[||(6(X) — 0]]?] is:

MMSE Bayesian = Oumse(X) = E[0]X]

Anna Scaglione — Lecture 24 - Graphical Models and Markov Random Fields 6/68



Computations using MRF  Applications Conclusions

O U tl I n e / Cornell University

Review of Graphical Models
m Bayesian Networks and Markov Random Fields
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We introduced the general idea.... 8 CometiUnivessity

m Conditional independence allows to express the joint
distribution (probability density/mass function) in terms of
products of factors that depends on a subset of the random

variables.
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Computations using Applications Con

We introduced the general idea... ) Comattersy

m Conditional independence allows to express the joint
distribution (probability density/mass function) in terms of
products of factors that depends on a subset of the random
variables.

m This can be expressed by writing the joint distribution as,

p<$1,1’2> ce ,$1> = ﬁp(x,ﬂ%,)
i=1

where Pa; denotes the subset of variables associated with the
random variable x; (the “parents”).

Anna Scaglione — Lecture 24 - Graphical Models and Markov Random Fields 8/68



Computations using MRF  Applications Conclusions

Undirected Graphical Models R —

m Modeling and computations favor undirected graphical models
or Markov Networks
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m Modeling and computations favor undirected graphical models
or Markov Networks

m Each node of the graph is associated with a random variable.
Edges connecting nodes are undirected.
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Undirected Graphical Models (&) comnvniesiy

m Modeling and computations favor undirected graphical models
or Markov Networks

m Each node of the graph is associated with a random variable.
Edges connecting nodes are undirected.

m Statistical interactions are expressed via functions known as
potential functions or compatibility functions or factors
nonnegative functions of their arguments.

m The global PDF is the product of these local potential
functions like in BN with conditional probabilities. In fact, a
BN can always be converted into an MRF.
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Markov Random Fields: potential functiof§} cmeivmensi

m The random variables x1,...,xy are divided in K groups,
X{1,...,Xf; each random vector, xi, k=1,2,..., K, involves a
subset of the random variables.

Gibbs distribution
A distribution is called Gibbs distribution if it can expressed in terms of
a set of potential functions, 1, ..., ¥k as:

| K
p(xy,...,21) = 7 H Vi (xk)-
k=1

The constant Z is the normalizing constant to guarantee that
p(x1,...,x;) is a distribution, i.e.:

Z:/---/]ﬁwk(mk)dasl...dxl,

which becomes a summation for the case of probabilities.
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Examples of parametric MRF R —
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Examples of parametric MRF B comeltUnversty

m The Ising model: Each random variable takes binary values
in {—1,1} and that the joint probability distribution is given
by the following model,

1
p(ry, ..., 1) = plx) = 7 exp < — Z (Z Oz + (910:1%)),

i j>t

where 0;; = 0 if the respective nodes are not connected.
J p
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Examples of parametric MRF R —

m The Ising model: Each random variable takes binary values
in {—1,1} and that the joint probability distribution is given
by the following model,

1
p(ry, ..., 1) = plx) = - €XP < — Z (Z Oz + (910:1%)),
i N j>i
where 0;; = 0 if the respective nodes are not connected.

m The Potts model: This is a generalization of the Ising model:

Pl@) = oo (= S + X fulro),

7>t

it is applicable to encode network interactions through the
functions f;;(z;, x;)
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O U tl I n e Cornell University

Computations using MRF
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Fa Ctor G ra p h S / ‘) Cornell University

Factor graphs

A factor graph is an undirected bipartite graph involving two types
of nodes (thus the term bipartite): one that corresponds to the
random variables, denoted by circles, and one to the potential
functions, denoted by squares. Edges exist only between two
different types of nodes, i.e., between “potential function” nodes
and “variable” nodes.

e, (T1) Wen(X1,02)

0—O——0x
-

/!

. *s (L
S C i (@ Yeulrsrza)
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From MRF Networks to Factor Graphs 1) ComelUniversity
x X7 X1 X Weu (1) Pea (21, 72)
C (O
Xy //’/

ey (21, T2, 225)

Yeq (23,
tl("fs “ (© Y {z3, Ta)

m Starting from the MRF in Figure (a) We have either:
. 1
Figure (b)  p(e1, 22,23, 24) = Z9e, (21, T2, 23)9c, (23, 24)-
. 1
Flgure (C) p($17x27x37$4) — 27/%1 (xl)d}CQ (xla x2)¢63 (mla x2, 553)1/%4 (x37 33'4).
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Moralization of BN Directed Graphs (&) comenvniersy

m One can convert a Bayesian Network (BN) to an MRF

m For this conversion, the conditional distributions will play the
role of the potential factors.
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Moralization of BN Directed Graphs (&) comenvniersy

m One can convert a Bayesian Network (BN) to an MRF

m For this conversion, the conditional distributions will play the
role of the potential factors.

m To ensure that edges do exist among all the involved variables
in each one of these factors since edges from the parents to
children exist, we must:

a) retain these edges and make them undirected
b) add edges between parents of a common child.
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Graphical M Applications Conclusions

Morallzatlon of BN Directed Graphs ) Comattnversy

m One can convert a Bayesian Network (BN) to an MRF

m For this conversion, the conditional distributions will play the
role of the potential factors.

m To ensure that edges do exist among all the involved variables
in each one of these factors since edges from the parents to
children exist, we must:

a) retain these edges and make them undirected
b) add edges between parents of a common child.

m Step (b) is known as moralization (“parents of a child are
forced to be married”) and the resulting undirected graph is
called the moral graph.
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O U tl I n e / Cornell University

Computations using MRF
m Review of the Sum-Product Algorithm
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The Sum—Product Algorithm Cormtl Ui

Factor nodes are capital letters and squares
and are associated with a potential function f,.
The rest are variable nodes, denoted by circles.
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Applications

Graphical Moc

T h e S um— P I’Od u Ct A I gOI’Ith m ; Cornell University

Factor nodes are capital letters and squares
and are associated with a potential function f,.
The rest are variable nodes, denoted by circles.
Assume that we want to compute the marginal
P(x1). Node x, being a variable node, is
connected to factor nodes only.
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T h e S um— P I’Od u Ct Algorlth m } Cornell University

G ‘H Factor nodes are capital letters and squares
fal L ’i_ Ju and are associated with a potential function f.
I ; 1{ Ny The rest are variable nodes, denoted by circles.
e e “ ".__‘(_r_i' Assume that we want to compute the marginal
Vg e ooy e P(x1). Node x, being a variable node, is
o o % S| = k.. connected to factor nodes only.
:_j_':"';-m ";ﬁ" We split the graph in as many subgraphs as
5 4 S the factor nodes connected to x; (three in the
fa] | { %Q figure, each encircled having as roots the nodes
/ \ A, H and G, respectively.
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Applica

The S um-P rod uct Algorithm ety

G ‘H Factor nodes are capital letters and squares
fal L / Ju and are associated with a potential function f.
I ; M Ny The rest are variable nodes, denoted by circles.
e o n "__‘(_r_i' Assume that we want to compute the marginal
Vg e ooy e P(x1). Node x, being a variable node, is
o o % S| = k.. connected to factor nodes only.
{ym ";ﬁ" We split the graph in as many subgraphs as
5 A i the factor nodes connected to x; (three in the
fa] | { %( figure, each encircled having as roots the nodes
/ \ A, H and G, respectively.

m Focusing on the node of interest, x1, the factorization is:
1
P(m) = Ed)A(ZL‘l, wA)de(:L‘l’ mH),QZJG(:L‘la mG)a

where x 4 is the vector corresponding to all the variables in the
tree T'4; the vectors xy and x are similarly defined.
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Sum-Product Operations summary (&) comanvnmersy

T -
! RS (i {
.flr—hr(-ﬂ] Bz f (2} - ;Ij..;._;_{ff‘] -
fs| fhfs (@) i |r13q'—hl (x }
(a) - 3
Variable x is connected to .5 factor nodes, besides f; The factor node f is connected to S node variables, besides
that is, J\.(r}\f—{_ﬁ,fz ..... fg}. The X; that is, N(f) \x = {x1,%0,+ .., xg}.

output message from x to f is the product of the
incoming messages. The arrows indicate directions of
flowr af the messawe nronasation.

m Variable to factor node messages (Figure (a)):

poop(@) =TI ppsale).

sifseN(x)\f

m Factor to variable node messages (Figure (b)):

llf*)I(I) - Z f(wf) H /Luﬁf(xt)
€N (f)\x iz €N(f)\x
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Review of Graphical Models

Applications Conclusions

The Sum—Product Algorithm

Cornell University

m The message passing algorithm starts by initializing the leafs, as:

m If the leaf node is a variable node, x, connected to a factor
node, f, then,

Mx%f(x) =1

m If the leaf node is a factor node, f, connected to variable
node, x then,

pi—e(®) = f(2).
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Applications Conclusions

The Sum—Product Algorithm

Cornell University

m The message passing algorithm starts by initializing the leafs, as:

m If the leaf node is a variable node, x, connected to a factor
node, f, then,

Mx%f(x) =1

m If the leaf node is a factor node, f, connected to variable
node, x then,

ff—a(r) = f(2).
m Recall that our original goal was to compute

Pla)= Y ealenes) Y vnlenon) Y dolenec).

TAEV A rg€EVYH rxa€Va
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T h e S u m_ P rOd u Ct a |gorit h m ’ P Cornell University

i | ]
- /
Te Gl S
. - A
C S e e
— ey i
Ta % Jo E W S
:_)_. bt .")Eﬁ :
™ i
f % <
S
@ \ 1 = 1 |:'-.‘_|
e % %o K

Soalwrwa) =" fal®1, T2, T3, Ta) Py s g (T2) g fo (T3) g £ ()

rAEV T2,T3,T4

- lu/fa_>331 ('/I;l)'
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T h e S u m_ P rOd u Ct a |gorit h m ¥ Cornell University

Working similarly for the other two subtrees, T; and Ty

1
P(ll) - Eu.er‘}wl (ll)ufy*)il (I1>/’th*>wl (:Ll>
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T h e a |g0rit h m i C Ste pS / ; Cornell University

The sum-product algorithm

Pick the variable, x, whose marginal, P(z), will be computed.

Divide the tree to as many subtrees as the number of factor
nodes the variable node, x, is connected to.

For each one of these subtrees, identify the leaf nodes.

]

Start message passing, towards x, by initializing the leaf nodes.

[~

Compute the marginal according to
P@)=— [ #oela).
s:fsEN(x)

@ Adding both sides of the last equation, over all possible values of z
we obtain the normalizing constant, Z.

v
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Markov Random Fields: potential functiof§} cmeivmensi

m The random variables x1,...,xy are divided in K groups,
X{1,...,Xf; each random vector, xi, k=1,2,..., K, involves a
subset of the random variables.

Gibbs distribution
A distribution is called Gibbs distribution if it can expressed in terms of
a set of potential functions, 1, ..., ¥k as:

| K
p(xy,...,21) = 7 H Vi (xk)-
k=1

The constant Z is the normalizing constant to guarantee that
p(x1,...,x;) is a distribution, i.e.:

Z:/---/]ﬁwk(mk)dasl...dxl,

which becomes a summation for the case of probabilities.
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The algorithm when observations are avai{@hleumess,

m If some variables are observed, then we replace the summation
over the instantiated variables by a single term evaluated on
the observed value.
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Applications Conclusions

R f Graphical Models

The algorithm when observations are avai{@hleumess,

m If some variables are observed, then we replace the summation
over the instantiated variables by a single term evaluated on
the observed value.

m For instance, we we know x3 = 0, instead of
Zmz,mg,mja(xla Ta, T3, ZU4) we ComPUte Zmz,mja(xla T2, 07 .T4)
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The algorithm when observations are availghleviwse

m If some variables are observed, then we replace the summation
over the instantiated variables by a single term evaluated on
the observed value.

m For instance, we we know x3 = 0, instead of
> o w50l a(T1, T2, T3, 74) We compute 3o, . fo(71, 72,0, 24)

m We can then compute joint distributions and conditional
distributions using the message passing algorithm we
described.
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The algorithm when observations are availghleviwse

m If some variables are observed, then we replace the summation
over the instantiated variables by a single term evaluated on
the observed value.

m For instance, we we know x3 = 0, instead of
> o w50l a(T1, T2, T3, 74) We compute 3o, . fo(71, 72,0, 24)

m We can then compute joint distributions and conditional

distributions using the message passing algorithm we
described.

m The sparser is the factor graph associated to the MRF the
easier are the computations of the messages
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The Max-Product and Max-Sum Algorithfag) cmeney

m Next turn our attention from marginals to modes of
distributions. That is, given a distribution, P(x), that
factorizes over a tree (factor) graph, the task is to compute
efficiently the quantity,

max P(x).

€T
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The Max-Product and Max-Sum Algorithfag) cmeney

m Next turn our attention from marginals to modes of
distributions. That is, given a distribution, P(x), that
factorizes over a tree (factor) graph, the task is to compute
efficiently the quantity,

max P(x).

m This is what are called the Max-Product and Max-Sum
Algorithms and are tied to MAP esitmation or detection
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The Max-Product and Max-Sum Algorlt ComellUnversiy

m Following similar arguments as before, one can readily write:

1

max P(x) = max {z/)A(xl,a:A) X
P 7 o1 @a.3m .20

(o, @n)ba (@, 2q) |-
Exploiting the property of the max operator, i.e.,

nll)ax(ab ac) = amax(b,c) , a >0,

we can rewrite,

max P(x) = 7 H;:?X mr‘ilgs/: Ya(rr,Ta) X

max Yg(ri,xy) max Yoz, xa).
zy€VH zcEVa
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The Max-Product and Max-Sum Algorit ComellUnversiy

Following similar steps as in the sum-product algorithm:

max ma T1,T4) =
flxmAe‘)/%q,l/}A( 15 A)

mﬁx xg%%}é fa(xla Xo, T3, x4)fc(‘r3) X

E&% fd($4, Z7, xs) glgfg fe<x47 Ty, 3510)

I%g%?g fb(x27 L, (L'5).
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The Max-Product and Max-Sum Algorl ComellUnversiy

m Everything said before for the sum-product message passing
algorithm holds true if replace summations with the max
operator; the definitions of the messages passed between
nodes and factors change to,

M:L'—hf(l’) - H Mfs—m:(l’);

sifsEN(X)\f

piso(x)= max f(x') JI  par(@).
3T, EN (f)\x ZTLEN(f)\X
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F I n d I n g t h e m O d e i P Cornell University

m Then, the mode of P(x) is given by

max P(@) = — max fif, ey (21) iy —ar (T1) g (21)
or in general
1
max P(x) = - max T #p—a(2),
) s:ifseN(x)

where x plays the role of the root, towards which the flow of
the messages is directed, starting from the leaves. This
procedure is called max-product algorithm.
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F i n d I n g t h e m O d e “) Cornell University

m Then, the mode of P(x) is given by

max P(@) = — max fif, ey (21) iy —ar (T1) g (21)
or in general
1
max P(x) = max  [[ pgale)
) s:fsEN(x)

where x plays the role of the root, towards which the flow of
the messages is directed, starting from the leaves. This
procedure is called max-product algorithm.

m Often, a large number of product terms is involved it may lead
to arithmetic inaccuracies. We can use a log likelihood instead:

T, 1= argmax P(x) = arg max In P(x).
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U SI ng the |Og_ I I keI I hood Cornell University

m The message passage recursions are,

,LL,T_>f(ZL"> - Z ﬂfs_"??(x)’

s:ifsEN(x)\f
fhfoe(z) =  max { nf(z')+ “""ﬁf(x":)}'
xi: €N (f)\x v €N (f)\x

m For the initial messages, sent by the leaf nodes, we now define,

poop(x) =0, and py,(z) = In f(z).
m Note that after one pass of the message flow, the maximum
value of P(x) has been obtained. However, one also wants

the corresponding value x, at the maximum
@, = arg max P(x).
i

This is achieved by a reverse message passing a.k.a.
back-tracking.
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B a C k-t ra C k I n g ; Cornell University

m Back-tracking: Assume that x; is
the chosen node to play the role of
the root, where the flow of
messages “converge”. We have
already obtained the value

T = argrqu{ufﬁxl(:vl)

Pfy sy (T1) fpy s (931)}-
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B a C k-t ra C k I n g ; Cornell University

m Back-tracking: Assume that x; is
us the chosen node to play the role of
i”____ the root, where the flow of
"' messages “converge”. We have
already obtained the value

T = argn;?X{ufﬁxl(xl)

Bty (01 (1) .

m A new message passing flow now
starts, and the root node, x,
passes the obtained value to the
connected factor nodes.
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B a C k-t ra C k N g \> Cornell University

m Node A: It receives x4 from x;.
Selection of the optimal values:
Recall that

Pfamar (21) = max fo(z1, 02,23, 24) X

s fo (Ta) g —s £, (T3) by £, (T2)-

For different values of x1, there are
different optimal (z2, z3,x4).
Having obtained a specific optimal
value for 14, one has to use the
corresponding optimal values for the
triplet. Thus, during the first pass,
the obtained optimal values in node A
have to be stored to be used during

the cecond (hackward) nacs
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Graphical Models

Back-trackmg

Applications Conclusions

Cornell University

m Node A: It receives x1, from node

r‘r o x; and selects the corresponding
_ aan Tax, T2xr T3x-
e - |“ . - m Message Passing: Node A
- A L passes T4, to node x4, To, tO Xo
i and z3, to x3.
ki
1o
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B a C k-t ra C k I n g Cornell University

m Node x4 passes x4, to D and E.
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Back-trackmg

Applications Conclusions

Cornell University

® Node D
2 I‘— L m Selection of the optimal values:
R S Select (z74, xg«) such as,
T i e e
'."' = .' '_ ...'n .
SRS |:-‘ (137*,1'8*) = argmax fd(l’4*,l‘7, J,‘g) X
Ta i Z7,T8
- ) XNy Ju X JE \ v
}... - k- Har— fq (1'7) X Hzg— fq (zs).
A \ 5
i) < L& m Message Passing: Node D passes
w (274, x8«) to nodes x7, Xg,

respectively.

m Similarly for nodes B and E
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Computations using MRF

m Inference on general graphs (not trees)
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T h e ge n e ra | C a Se 1 \) Cornell University

In general, MRF are not trees like the one in the example:

s s

m They always allow simplifications, but are highly dependent on how
the factors are processed
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EXa m p | e / P Cornell University

m For example, the MRF shown has P(x) =
S01 (1) 221, 22) Y3 (21, 23)Ya(22, 24) Y5 (22, T3, 5) V6 (23, 76)

Xy X
(a) (b) (c)
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EXa m p | e “> Cornell University

m For example, the MRF shown has P(x) =
S01 (1) 221, 22) Y3 (21, 23)Ya(22, 24) Y5 (22, T3, 5) V6 (23, 76)

x *1
x4 xy Xo X4 Xs

(a) (b) (c)

X1

m If we eliminate xg first we get (b):

ZP (@1, 25) Y o3, 76)
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EXa m p | e Cornell University

m For example, the MRF shown has P(x) =
S01 (1) 221, 22) Y3 (21, 23)Ya(22, 24) Y5 (22, T3, 5) V6 (23, 76)

x *1
x4 xy Xo X4 Xs

(a) (b) (c)

X1

m If we eliminate z first we get (b):
ZP :L'l, ..,x5)2¢6(:£3,:1:6)
z6

m If we eliminate x3 first we get (c):

ZP "(1, 22,24 21/}3 r1, 23)Y5(22, T3, T5) Y6 (T3, T6)
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General approaches for inference B CornllUnversiy

m There are two main approaches: (a) Constructing a Junction Tree;
(b) Applying what is called Loopy Belief Propagation
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General approaches for inference (&) comenvmvensy

m There are two main approaches: (a) Constructing a Junction Tree;
(b) Applying what is called Loopy Belief Propagation

m (b) Loopy BP is exactly like the case described for trees, but does
not end in two passes. We cannot guarantee it will converge
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General approaches for inference (&) comenvmvensy

m There are two main approaches: (a) Constructing a Junction Tree;
(b) Applying what is called Loopy Belief Propagation

m (b) Loopy BP is exactly like the case described for trees, but does
not end in two passes. We cannot guarantee it will converge

m The junction tree approach (a) is more reliable, but requires
preprocessing and works if and only if the original graph is
triangulated
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Review of ( lodels A

General approaches for inference B CornllUnversiy

m There are two main approaches: (a) Constructing a Junction Tree;
(b) Applying what is called Loopy Belief Propagation

m (b) Loopy BP is exactly like the case described for trees, but does
not end in two passes. We cannot guarantee it will converge

m The junction tree approach (a) is more reliable, but requires
preprocessing and works if and only if the original graph is
triangulated

Triangulated graph

An undirected graph is said to be triangulated if and only if for every
cycle of length greater than three the graph has a chord. A chord is an
edge joining two nonconsecutive nodes in the cycle.
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Bayesian Network Triangulated MRF Join Tree SLE)V:

[LB] 5

1 5 Vi s
@D—r} LE}-
Vs S5 Vs

&E—{E—BPE [BE| %
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truction of Junction Trees from MREE) comenvniersiy

m Starting from a triangulated graph (all cycles with length n > 3
have a chord) we said one can build a join tree (or junction tree)
we showed on the left of the previous figure
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Construction of Junction Trees from MREZ) comevmversiy

m Starting from a triangulated graph (all cycles with length n > 3
have a chord) we said one can build a join tree (or junction tree)
we showed on the left of the previous figure

m Nodes in the junction tree are cliques and they have the running
intersection property: the path between two join tree nodes
corresponding to clique U and V' contains the intersection of them
unv
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Construction of Junction Trees from MREZ) comevmversiy

m Starting from a triangulated graph (all cycles with length n > 3
have a chord) we said one can build a join tree (or junction tree)
we showed on the left of the previous figure

m Nodes in the junction tree are cliques and they have the running
intersection property: the path between two join tree nodes
corresponding to clique U and V' contains the intersection of them
unv

m The join trees, instead of factors and variables like factor graphs,
are bipartite graphs that connect the clique V; and the clique
Vj,j > i through a node/set called separator S; C Vj,
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truction of Junction tree from MRFs(Z)) conervmiersiy

Select a node in a clique of the triangulated graph, not shared by
other cliques.
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F of Graphical Models Applications Conclusions

Construction of Junction tree from MRFs{Z)) comevmversiy

Select a node in a clique of the triangulated graph, not shared by
other cliques.

Place nodes in the set V; from the clique, as long as they are not
shared by other cliques.
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F of Graphical Models Applications Conclusions

Construction of Junction tree from MRFs{Z)) comevmversiy

Select a node in a clique of the triangulated graph, not shared by
other cliques.

Place nodes in the set V; from the clique, as long as they are not
shared by other cliques.

Denote the set of the remaining nodes of this clique as S;, where ¢
is the number of the nodes eliminated so far. This set is called a
separator.

A Select another maximal clique and repeat the process to form V4.

&

Continue the process until all cliques have been placed in a set V}
and have a separator S;.
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Graphical Models Applications Conclusions

Construction of Junction tree from MRFs{Z)) comevmversiy

&

Select a node in a clique of the triangulated graph, not shared by
other cliques.

Place nodes in the set V; from the clique, as long as they are not
shared by other cliques.

Denote the set of the remaining nodes of this clique as S;, where ¢
is the number of the nodes eliminated so far. This set is called a
separator.

Select another maximal clique and repeat the process to form V4.

Continue the process until all cliques have been placed in a set V}
and have a separator S;.

Once all nodes are in a set V;, join together the parts so that each
separator, S;, is joined to V; on one of its sides and to a clique
node (set) Vj, (j > i), such that S; C V.
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Construction of Junction tree from MRFs{Z)) comevmversiy

&

Select a node in a clique of the triangulated graph, not shared by
other cliques.

Place nodes in the set V; from the clique, as long as they are not
shared by other cliques.

Denote the set of the remaining nodes of this clique as S;, where ¢
is the number of the nodes eliminated so far. This set is called a
separator.

Select another maximal clique and repeat the process to form V4.

Continue the process until all cliques have been placed in a set V}
and have a separator S;.

Once all nodes are in a set V;, join together the parts so that each
separator, S;, is joined to V; on one of its sides and to a clique
node (set) Vj, (j > i), such that S; C V.
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Bayesian Network Triangulated MRF Join Tree SLE)V:

[L.B] 5y

W

5 Va Sz
GD—T} LE-
Vs Ss Vg
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Sum-product and max—product on Junctlo Lrees vy

m Now summations include
more than one variable at
a time

Hs_sv(xs) = H Hy—s5(Xs).

VNSV m Separators S pass

messages to one of its
connected cliques V'

@ m Each clique marginalizes
w.r.t. all clique variables
py—slxs) = z Yy (xv) l_[ s (Xg). except those in the
R SEN (VS separator xy \ g and

passes the message to the
connected separators.
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Applications
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O Utl I n e { ~‘> Cornell University

Applications
m Hidden Markov Models
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H i d d e n M a r kOV M O d e | S i P Cornell University

n Y2 ¥3 YN

m The HMM is used to model a quasi-stationary process that
undergoes sudden changes among K subprocesses, where K is the
number of possible latent states of a Markov Chain process k.

m Conventionally the transition probability matrix P, = P is
constant (i.e. it is an homogeneous process):

Vn Plk,=ikn1=j)="Pj ij=12,... K
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EXa m p | e / ) Cornell University

/ \ ; i SI0N PROBABILITIES
A :
5 _— SERVABLES
? L N
P CLEAN SHOR BIKE

m The weather is the state k£ € {1,2} 1 = rainy and 2 = sunny, the
observation is the activity.
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A INITIAL PROBABILITIES
D / ; \/____, \ :

'..\;J-L
\ <a Je
Pl
08 ] i
™ 0.0 1
INIT

g. — - e
\ C’ ’)3 Cv\) {:ﬁ i { :}
M ./’) \./‘) =
0.0121 0.038 0.15 1
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Emission probabilities D) Comeli nvrsty
Py Py Ps3
el ]l
S
k=1 k=2 k=3
(a)
plyl1) ,/\ \ oo [ o |
J A |
\ /
) ¥ ¥
a2 HHM-

example.png

m (a) A three-state left-to-right HMM model. (b) Each state
emission is a sample characterized by a different conditional
density function p(y|k).
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Example: Speech

Cornell University

Anna Scaglione — Lecture 24 - Graphical Models and Markov Random Fields

A speech segment and N
time windows, each one of
length equal to 500 ms.
They correspond to time
intervals [0, 500], [500,
1000], and [3500, 4000],
respectively. From each
one of them, a feature
vector, Yy, is generated
(overlap between
successive windows is
actually allowed).
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I nfe ren Ce for H M M ; P Cornell University

m The following parameters are available:

Number of states K and set of transition probabilities
Pij,i,7=1,2,..., K of going from state j to state i.

The probabilities for the initial state at n = 1 to be at state
k, thatis, P, k=1,2,..., K.

The state emission distributions p(y|k),k =1,2,..., K
which can either be discrete or continuous (for discrete
observations this is called the Emission Probability Matrix) .
These probability distributions may be parameterized,
p(ylk; 0r),k=1,2,... K.

Anna Scaglione — Lecture 24 - Graphical Models and Markov Random Fields 48/68



mputat

T h e H M M d ist ri b Ut i O n ) Cornell University

m It is useful to define a random vector x,, € {0, 1}* such that:

) 1 ifk,=1
nli = Tni =
’ 0 else

so that we can write the state probability as follows:

K K K o
P(zy) = [[ BF*,  Plaalz, ) = [ ] BL e
k=1

i=1j=1
K

p(Ynlzn) = [[(p(yn|k; Ok))*
=1
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T h e H M M d |Stri b Ution 9 Cornell University

m It is useful to define a random vector x,, € {0, 1}* such that:

) 1 ifk,=1
nli = Tni =
’ 0 else

so that we can write the state probability as follows:

K K K o
P(zy) = [[ BF*,  Plaalz, ) = [ ] BL e
k=1

i=1j=1
K

p(Ynlzn) = [[(p(yn|k; Ok))*
=1

m Also, let Y = [y;,...,yy| and X = [z, ..., &N]:

p(Y,X) = P(z1)p(y|@1) ][ P(@nl@n—1)p(yn|e.)

n=2
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Fa Ctor g ra p h for H M M Cornell University

m The HMM is a BN and it yields a tree, so is safely mapped onto a
factor graph to perform inferences, such as: what is the most likely
state at time n?
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Fa Ctor g ra ph for H M M ’ P Cornell University

m The HMM is a BN and it yields a tree, so is safely mapped onto a
factor graph to perform inferences, such as: what is the most likely
state at time n?

m The MAP estimate of x,, having seen (yi,...y,) is the max. of:

1

n%axP(a:n|y1, cYp) = Ea(a:n), where a(x,) := p(y1,- .- Yn, Tn)

and Z = p(y1,...Yn) = 2p, a(xn)
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The HMM factor graph Cornll Universty

HMM X1 X2 X3 N
Y1 Y2 Y3 ¥n
MM Factor Graph .'

foo x  fiz X

¥i Yo

m If we adopt the convention: fi (v, 1) = P(xq)p(y;|z,). and
fn—l,n(ﬂ:n—l'/ Yn, an) — p(xn,|xn—1>p(yn|xn) n = 27 ) N
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The Sum-Product Algorithm: The HMM Gase v

¥1 ¥2 YN

m The y,, are all instantiated and we are conditioning on their values
yp,form=1,... N
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The Sum-Product Algorithm: The HMM @semuas

¥i ¥2 YN
m The y,, are all instantiated and we are conditioning on their values
yp,form=1,... N

m For each leaf y,, the message is /iy, s, (yn) =1
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The Sum-Product Algorithm: The HMM Gase v

for  x fiz % XnN—1 fNoiN o Xw

¥1 ¥2 YN

m The y,, are all instantiated and we are conditioning on their values
yp,form=1,... N

m For each leaf y,, the message is /iy, s, (yn) =1

m The messages from the hidden states x,, to the factors are
=P(z1)p(y1|z1) =a(zn)

/lml_>f112(m1) - f0~l(ml7yl) Y [Lmnﬁfn.nﬁ»l (mn> - anfl,nﬁm'n,(mn)7 n > 1
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The Sum-Product Algorithm: The HMM @semuas

The recursion for the computation of P(z,|y1,...ys) = sa(x,) to
get a(xy,) is:

Hfi n—zn (xn )= Z fn—l,n(mn—l » Yns wn)ﬂmnq%fnq,n (Tn—1 )Myn—>fn_1,n (Yn)

Ln—1
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The Sum-Product Algorithm: The HMM @56

The recursion for the computation of P(z,|y1,...ys) = sa(x,) to

get a(xy,) is:

IU/fn—l,n—>$n (wn): an—l,n(wn—la yn’ wn)/’bwnflﬁfnfl,n (Ccn_l)/’l/yn—)fn—l,n (yn)
Tn—1

m The likelihood a(x,,) := p(y1, - .. Yn, ) of the state and the
observations up to time n is:

=a(zn) =P(zn|Tn—1)p(yn|zn) =1
—N——

anil‘"—}mn (mn):Z fn—l,n (a:n_17 y’l’l/a wn) /'Lmnfll—ffnfl,n (:Dn_l) Nyn—)fnfl,n (yn)

Tn—1

=P(zn|@n—1)p(yn|Tn) =a(@n-1)
- Z f”_l’" (mn_h Yns .’Bn) Hfr2n1—=2n-1 (:Bn—l)
Tn—1
= p(Yn|Tn) Z P(xn|zn—1)a(zn-1)
Tn—1
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The Sum-Product Algorithm: The HMM @56

m To get p(x,|Y) = —a(w;()ﬁga‘n)

B(xn) == p(Ynt1, .- - Yn|T,) by traversing the chain from
node yx backwards:

we need to get

=B(xn) =P(xni1|n)p(Ynit [Tns1) =1

I’Lfn,n—H %mn(mn)zzfn,n"'l (a:n,yn—‘,-l 7wn+1) Il'l’mn+1_>fn,n—l»l(:cn"l‘l) H'yn+l_)fn,n+l(yn‘|‘1)
Tn41

=P(xni1|Tn)p(Yni1 [Tni1) =B(xn)

= Z fn,n+1(wna Yntl, wn—i—l) Kt mp2— gt (mm‘l)
Tntl

=" p(Yna|®nn) Pl |2,) B(20m)
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T h e Max-Product or Max-Sum s

m If we substitute the summation with a maximization we have
the max product algorithm that for the estimate of the entire
X from the entire observation record Y = (y1,...,Yyn)
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The Max-Product or Max-Sum (&) comenvimessy

m If we substitute the summation with a maximization we have
the max product algorithm that for the estimate of the entire
X from the entire observation record Y = (y1,...,yn)

m To perform a MAP we have to pass messages forward and
backwards until we reach each of the variable nodes x,,
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The Max-Product or Max-Sum (&) comenvimessy

m If we substitute the summation with a maximization we have
the max product algorithm that for the estimate of the entire
X from the entire observation record Y = (y1,...,yn)

m To perform a MAP we have to pass messages forward and
backwards until we reach each of the variable nodes x,,

Tp—1

/’l’fnfl,n‘}mn (mn) max (fn 1 n(wn 1 yn? wn)/’bfn 2,n—1—"7Tn—1 (wn 1))

Hfp ni1—xn (wn) I%}L?_X (fn n+1 (wm Yn+1, wn—l-l)ﬂfnﬂ 2 Tnil (wn-i-l))

i PUXJY) = 1% (141, (@) 100 (@)

m The sequence can be found by backtracking. Note that one
can clearly start from x, i.e. the last node, to backtrack the

Max-product problem.
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O U tl I n e / Cornell University

Applications

m Application to SRL for knowledge graphs
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K n OWIed ge G ra p h s M R F ’ P Cornell University

m Knowledge graphs encode the existence of facts, dependency
graphs encode a statistical template for the dependencies between
random Ap,; through the factorization in potential functions

A|0 HQ;[) a'c|0 Z = ZHWGCW)

CEC Va. ceC
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K n OWIed ge G ra p h S M R F ; P Cornell University

m Knowledge graphs encode the existence of facts, dependency
graphs encode a statistical template for the dependencies between
random Ap,; through the factorization in potential functions

A|0 HQ/) ac|0 Z = ZHIZJ(GCW)

CEC Va. ceC

m A common way of modeling what are the right cliques is to resort
to what are called Markov Logic Networks and then adopt a
log-linear model, where:

lnw(ac‘ac) = chc(ac) = P A\O H ghene(ac)

CGC

where n.(a.) is the number of the Ap,; that appear in a Markov
Logic formula
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M a rkOV Logl C form u I a ; Cornell University

m For example these formulas:
m “Alice is a friend of Bob”
m “Alice is a smoker”
m “Bob is a smoker”
if we believe that friends smoking habits are similar, create a
clique between the corresponding facts Ay, which can be
true or false
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Markov Logic formula (&) comarvnnenss

m For example these formulas:
m “Alice is a friend of Bob”
m “Alice is a smoker”
m “Bob is a smoker”
if we believe that friends smoking habits are similar, create a
clique between the corresponding facts Ay, which can be
true or false
m To encode the fact that the statements are likely to be
simultaneously true we choose . > 0 while . < 0 means that
they are more likely to be false together
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M a rkOV Logl C form u I a i D Cornell University

m For example these formulas:
m “Alice is a friend of Bob"
m “Alice is a smoker”
m “Bob is a smoker”
if we believe that friends smoking habits are similar, create a
clique between the corresponding facts Ay, which can be
true or false

m To encode the fact that the statements are likely to be
simultaneously true we choose . > 0 while . < 0 means that
they are more likely to be false together

m This is just an example and other statistical templates can be
adopted,
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O U tl I n e Cornell University

Applications

m Biological Networks
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G e n O m i CS \> Cornell University

Prapars RN from

e

Labet wilh Biotin

o

m Genomic expression arrays allow detection of DNA or RNA
molecules by hybridizing or sticking to target DNA molecules or
RNA molecules on a glass slide
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G e n O m i CS \> Cornell University

Prapars RN from

e

Labet wilh Biotin

o

m Genomic expression arrays allow detection of DNA or RNA
molecules by hybridizing or sticking to target DNA molecules or
RNA molecules on a glass slide

m DNA or RNA molecule are marked by various labels through dyes
that can be seen under a microscope

Anna Scaglione — Lecture 24 - Graphical Models and Markov Random Fields 60/68



»f Graphical

Computati

Gene regulatory networks

) Cornell University
INPUT INPUT
sgrol A signal B
eceplor profeing

inactive:

receplor prodeing
trenscripfion
foctor A inactive ""‘"blb"v
A Ilunsl:np?-on@
inberacting o
kinase proteins 4
or ather
ol *Q B
octive tronscription -~
" OUTPUT cell
'fom;phon < foctar B mRMA s
DA

o
QUTPUT
[protein

foodbacks
m A gene (or genetic) regulatory network (GRN) is a set of molecular
regulators interacting with each other and substances in the cell
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Gene regulatory networks ) ConeltUniversity

INPUT INPUT
signol A signal B
recepior proteins receplor proeing
inctive
trenscripfion
foctar ?\ i .nh.b.m
coscade of ipko @
interacting g boctor B
kinase proteins 4
or ather
ol *Q B
octive nms:nprm -~
wanscriplion ek OUTPUT el
Foctor 4 functions

m A gene (or genetic) regulatory network (GRN) is a set of molecular
regulators interacting with each other and substances in the cell.

m These interactions control the gene expression levels of mRNA and
proteins which determine the function of the cell.
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Gene regulatory networks B cometttniversy

« Trarmcription facior

O Protsin

—= Promaier binding
= Expression

—== Regulatkn
—— Bingding

B Posfive ofleci
— Mepntve efiact

e Ganetic evidance

m The nodes of this network can represent genes, proteins, mRNAs,
protein/protein complexes or cellular processes.
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m The nodes of this network can represent genes, proteins, mRNAs,
protein/protein complexes or cellular processes.

m Generally, the interactions are mostly not known, and there is an
interest in inferring them.
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Undirected GRN inference with Gaussian delivneriy

m Since we know that the interactions are sparse, this is a good
candidate for a BN representation.
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m Since we know that the interactions are sparse, this is a good
candidate for a BN representation.

m A popular option to obtain an undirected graph is to use a
parametric Gaussian BN that represents the interactions

m Gaussian models: p(x;|Pa;) = N( Zk:xkePai Ok + G50, of)
where 6;;, = [®];x is the so called precision matrix

© =3! X = covariance matrix = E[(z — p)(x — p) ']

m Basically we want to estimate a sparse ©® and we 6y = X~Y/2
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Undirected GRN inference using Gaussian{BNseivnes

m In this case the method to used is called Graphical LASSO, where
LASSO stands for Least Absolute Shrinkage and Selection
Operator
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m The Graphical LASSO extimate is obtained by maximizing the
penalized log likelihood with respect to the precision matrix with a
sparse penalty on :

- et
@—mgx{lndet(@) Tr(5710) — A|O)]: |

where £ =3 (x, — 1)
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m Graphical LASSO depends on the Gaussian modeling
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m Graphical LASSO depends on the Gaussian modeling

m Other possible models use parametric MRF models for the
regulatory link variables x,.
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MRF eXpOnentIal mOdel \> Cornell University

m Graphical LASSO depends on the Gaussian modeling

m Other possible models use parametric MRF models for the
regulatory link variables x,.

m For example

P@)= e P@  Be) =Y fe) + A Y fan )

l pEN[

where often f(zy) oc |xp — 1| and f(z¢, xp) o |z¢ — 2
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Conclusions
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m in this lecture we explained how to perform computations with
graphical models with

Factor graphs
Junction trees

m We also introduced a few examples of applications
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