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m We introduced some abstract models for network dynamics
m Random walk
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m General non-linear models
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Review and overview D CommellUniversity

m We introduced some abstract models for network dynamics
Random walk

Consensus (synchronous and asynchronous)

General non-linear models

Affine linear models

Positive dynamics and flow networks

m We also introduced an application of non-linear modeling in
the study of epidemic models
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Opinion dyn s m ng lus

Review and overview D CommellUniversity

W

¢)

introduced some abstract models for network dynamics
Random walk

Consensus (synchronous and asynchronous)

General non-linear models

Affine linear models

Positive dynamics and flow networks

m We also introduced an application of non-linear modeling in
the study of epidemic models

m Today we consider opinion dynamics in social networks
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Opinion dynamics modeling Conclusions

Stochastic and linear models (&) comenvnenss

m Random walk: At each ¢:

x™(t) = ey, (t), where v is the vertex chosen at random and
ey (t) is the vthcoordinate vector

The probability mass of the vertex being chosen is the vector
such that 7(t + 1) = W (t), where W is the transition
probability matrix (W = I — L™ for the uniform random
walk)
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Opinion dynamic bdeling  Conc

Stochastic and ||near models ) Camellmivemity

m Random walk: At each ¢:

x™(t) = ey, (t), where v is the vertex chosen at random and
ey (t) is the vthcoordinate vector

The probability mass of the vertex being chosen is the vector
such that 7(t + 1) = W (t), where W is the transition
probability matrix (W = I — L™ for the uniform random
walk)

Ao (W) < 1 implies that 7w (t) = 7* + O(\4(W))
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Opinion dynamic

Stochastic and linear models s

m Random walk: At each ¢:

x™(t) = ey, (t), where v is the vertex chosen at random and
ey (t) is the vthcoordinate vector

The probability mass of the vertex being chosen is the vector
such that w(t + 1) = W (t), where W is the transition
probability matrix (W = I — L™ for the uniform random
walk)

Ao (W) < 1 implies that 7w (t) = 7* + O(\4(W))

m Consensus Gossiping: At each t:

The state is updated synchrounously (¢t + 1) = Wa(t),
The [|lz(t) — 21| = O(A,(W))
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Opinion dynamics modeling Conclusions

Stochastic and linear models E—

m Random walk: At each ¢:

x™(t) = ey, (t), where v is the vertex chosen at random and
ey (t) is the vthcoordinate vector

The probability mass of the vertex being chosen is the vector
such that w(t + 1) = W (t), where W is the transition
probability matrix (W = I — L™ for the uniform random
walk)

Ao (W) < 1 implies that 7w (t) = 7* + O(\4(W))

m Consensus Gossiping: At each t:

The state is updated synchrounously (¢t + 1) = Wa(t),
The [|lz(t) — 21| = O(X,(W))

The state is updated asynchrounously x(t + 1) = W (t)x(t),
The E[|2(t) — 22°1]]] = O(\,(W))
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O Utl I n e / ) Cornell University

Review

m General non-linar models
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Opinion dynamics modeling Conclusions

General non-linar models (@) comavmensy

m Non-linear network dynamics are more often studied in the form of
ODEs. The general form we introduced is as follows:

i = f(@) + > wijgl(ai, ;)

JEN;
m These systems can also be written in vector form:

z = f(x), where [f(x)]; = f(z;)+ z_/\:/’ w;;g(Ti, )
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Opinion dynamics modeling Conclusions

General non-linar models (D) ComellUriversty

m Non-linear network dynamics are more often studied in the form of
ODEs. The general form we introduced is as follows:

i = flzi) + Y wijg(xi, z;)
JEN;

m These systems can also be written in vector form:

z = f(x), where [f(x)]; = f(z;)+ z_/\:/’ wiig (i, T5)

m We also indicated how, even if there is no general solution, it is
useful to gain insight about the stability of the stationary points
where #;(t) =0 for all i € V:

—I—Zg )=0, VieV or
JjeN;
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Opinion dynamics modeling Conclusions

LOca | Sta bi I ity ’ P Cornell University

m The starting point is a fixed point «* for the equations, defining:

_of _ 9g(u,v) _ 0g(u,v)

o = = y Bij = y Vi =
Ox r=z; ou u:x;‘,v:x; v

ok gk
U= v=1r]

= ¢ = Me, with [M]” = [0415(1, — j) + ZBUAU] + IViinj
J
and §(7) is the Kronecker delta.
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Opinion dynamics modeling Conclusions

Local stability

Cornell University

m The starting point is a fixed point «* for the equations, defining:

_of . _ Og(u,v) ~_ 0g(u,v)
az - ax ‘Z:m; bl IB'LJ - 8“ u:x’?,vzx; 9 rYZ] - aU

ok gk
U= v=1r]

= [@ib(i — 5) + Y BijAij] +ijAij
j

= ¢ = Me, with [M]”

and §(7) is the Kronecker delta.

m Note that M = oI + AL in the special case * = x*1,

% = « and if —aggf)’”)

_ Ag(u,v)

u=z* v=r* du

r=x*

u=x* v=x*

B
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Opinion dynz

Loca | Sta bi I ity “) Cornell University

m The starting point is a fixed point «* for the equations, defining:

_of _ 9g(u,v) _ 99(u,v)

o = = y Bij = y Vi =
Ox r=z; ou u:azf,v:x; v

ok gk
U= v=1r]

= ¢ = Me, with [M]” = [0415(1, — j) + ZBUAU] + IViinj
J
and §(7) is the Kronecker delta.

m Note that M = oI + AL in the special case * = x*1,

of £ D9(u) __ dg(uw)
ox ov ou

=p

u=x* v=x*

L=« and
T=T

m The solution depends on the EVD of M = UAU ! and
e(0) = U~ '€(0), and =* is stablg if all A, < 1:

x(t) ~ " + Z e (0)eMluy,
k=1

u=x* v=x*
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Opinion dynan

O Utl I n e / ) Cornell University

Review

m Linear affine models
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Opinion dynamics modeling ns

Affine linear dynamics ) Comattontersty

Linear affine equations in discrete and ODE form respectively are

x(t+1)=Wea(t)+b, x(t)=Mz(t)+bd
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Affine linear dynamics

Cornell University

Linear affine equations in discrete and ODE form respectively are
x(t+1)=Wea(t)+b, x(t)=Mz(t)+bd

Affine discrete dynamics

If and only if W has all A\(W) <1 the affine discrete dynamics x

converge to: z* = (I - W) b

If w;; > 0 then W has to be sub-stochastic, i.e. 1TW < 1.
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Affine linear d ynam ICS D) Comel University

Linear affine equations in discrete and ODE form respectively are
x(t+1)=Wea(t)+b, x(t)=Mz(t)+bd

Affine discrete dynamics

If and only if W has all A\(W) <1 the affine discrete dynamics x
converge to: 2 = (I— W) b

If w;; > 0 then W has to be sub-stochastic, i.e. 1TW < 1.

.

Affine continuous dynamics

If and only if M is Hurwitz if all its eigenvalues have negative real part,
i.e. R{\x} <0 Vk =1, N the continuous dynamics converge to:

' =—-M"1b

If M is metzler and b > 0 then all () including * are non-negative.
v
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O Utl I n e / ) Cornell University

Opinion dynamics modeling
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Conclusions

Why Study Social Network Dynamics? ComellUnversy

Many collective phenomena emerge from interactions on networks:
m How opinions spread on social media
m How misinformation becomes viral
m How financial bubbles take place
[

How innovations diffuse through societies
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How do individual beliefs evolve when people repeatedly
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Conclusions

Why Study Social Network Dynamics? (&) comivmersy

Many collective phenomena emerge from interactions on networks:
m How opinions spread on social media
m How misinformation becomes viral
m How financial bubbles take place
m How innovations diffuse through societies

Key question:

How do individual beliefs evolve when people repeatedly
influence each other?

We will model this as a dynamical system on a network.
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Conclusions

Understandlng social network systems Comel Unversiy

m Opinion dynamics model agents’ influencing each others beliefs

m Early interest in them: Nicolas Marquis de Condorcet, Francis
Galton famous paper “Vox populi”sought to prove
mathematically that crowds were wiser than each individual
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Review Conclusions

Learning under social pressure (@) comavmensy

m Galton averaged many

answers about the weight of
an ox, noting the average /J

was very close to the true 20100)
value
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Review Conclusions

Learnlng under social pressure

Cornell University

m Galton averaged many
answers about the weight of
an ox, noting the average
was very close to the true
value

= Modern opinion dynamics
recognize the critical
difference between voting by
individuals whose preference
are based on their individual
information and individuals
who observe the votes of
others
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O U tl I n e Cornell University

Opinion dynamics modeling
m Models for opinion diffusion
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Revie Conclusions

O pi n io n Dy n a m iCS / ‘> Cornell University

The social systems equations

Describe through a deterministic or a probabilistic dynamical model
how a set of agents combine their private beliefs with observations
(direct or indirect) of the peers’ beliefs. The goal is understanding
the emergent behavior of society.
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Revie: Conclu

O pi n iO n Dy n a m iCS ‘) Cornell University

The social systems equations

Describe through a deterministic or a probabilistic dynamical model
how a set of agents combine their private beliefs with observations
(direct or indirect) of the peers’ beliefs. The goal is understanding
the emergent behavior of society.

m Agent i = 1,...,n holds an initial opinion z;(0) on a topic . For
example, for agent i it can be z;(0) = p(0|s;) or z;(0) = E[0]s]
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R Conc

O pi n io n Dy n a m iCS Cornell University

The social systems equations

Describe through a deterministic or a probabilistic dynamical model
how a set of agents combine their private beliefs with observations
(direct or indirect) of the peers’ beliefs. The goal is understanding
the emergent behavior of society.

m Agent i = 1,...,n holds an initial opinion z;(0) on a topic . For
example, for agent i it can be z;(0) = p(0|s;) or z;(0) = E[0]s]

m There is a network process (social activities) through which these
opinions are shared and updated

agents beliefs at time t x(t) = (x1(¢),...,zn(t))

continuous time — @(t) = f(x(t)), discrete time — x(t+1) = f(x(t))
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R N Conclusions

Soaé] Network Model

m The social network is
modeled as a directed
weighted graph
G=WV,E,W)

m The weight w;; captures the
“trust” node 7 places in
node j.

m The opinion of agent i on
the kth topic 0, after the ¢
interactions is x;(t; k)

o
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S O C i a I N etWO r k M O d e I | Cornell University

m The nodes V = {1,...,n} — are set of agents (or individuals).
m £ CV xV — set of edges (or friendship), with |£| < n?.

m Each edge has a weight W;;. W € R}*" — weighted
adjacency matrix, with W'1 = 1 (each row adds up to one).
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S O C i a I N etWO r k M O d e I | Cornell University

m The nodes V = {1,...,n} — are set of agents (or individuals).
m £ CV xV — set of edges (or friendship), with |£| < n?.

m Each edge has a weight W;;. W € R}*" — weighted
adjacency matrix, with W'1 = 1 (each row adds up to one).

m We focus on analyzing steady-state opinions on each topic
k, limy 00 (83 k).
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Classes of Opinion Dynamics models

) Cornell University

m Alignment of social
behavior:
m Consensus models

m Herding behavior
(Economics)

m Fad or trend behavior
(Social Psychology)

m Bandwagon effect
(political science)

m Disagreement, polarization 4‘( @(
m Social influence models (o Q‘"

for “mavens” or m
“stubborn” agents .ﬁ"&‘w

m Bounded confidence .

models
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7] =1 / D
VOX p O p u | I ] Cornell University

m The kth topic 6 is a Gaussian zero
mean random variable with variance

o (0~ N(0,03))

%W

—>~m~

52
m
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7] =1 /
VOX p O p u | I ; Cornell University

m The kth topic 6 is a Gaussian zero
mean random variable with variance

o (0~ N(0,03))

- . —>m~
m The private signals signal are

)
51 = O + w; where w; ~ (0, 02). m

For simplicity o; = 1
m Agent i initial opinion is z;(0) = s;

m Communications are in a sequence
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R Conclusions

O ptl m u m We i ghts Cornell University

m Let us ignore the index k, of the topic. If the private signals
signal are s; = 6 + w; where w; ~ N(0,1) and 6 ~ N(0,02),
then s; ~~ N (0,62 +1).

m Let z(t) be the estimate of € that the ¢th node in the
sequence make (node-t opinion): this estimate x(t) is a
function of its own private information s; and the estimate the
previous node in the sequence declared z(t — 1):

x(t) = G(sg, x(t — 1))
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(

O pti m u m We i ghts 9 Cornell University

m Which function? A reasonable choice for G(s;, z(t — 1)) that
it is the minimum mean squared error estimate (MMSE) of 6

m For this Gaussian case, the function G(s;, z(t — 1)) MMSE
estimate is the conditional expectation:

z(t) = E[0|sg, x(t — 1)]
m As it turns out:
IE(t) == H'—_{Q‘Sh ZE(t - 1)} == (1 - 1//Vt7t_1)8t + I/)[//yt’t_lflf(t - 1. k)

where W; ; = =2 for (i,7) = (t,t—1), else W;; =0
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Review Cor sions
O pti m a | Seq uenti a | u pd ate ‘\> Cornell University

m This implies that optimum update to minimize the error is
similar to a consensus update, if we assume that s; is what the
nodes want to average:

.’E(t) = (1 - Wt,t71>5t + Wt7t71l‘(t — 1).
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Optimal sequential update D Comelrivrsy

m This implies that optimum update to minimize the error is
similar to a consensus update, if we assume that s; is what the
nodes want to average:

x(t) = (1 - Wt,t71>5t + Wt7t71l‘(t — 1).

m The opinion converges to the true value in the mean square
sense, because the variance decreases to zero as O(1/t)

Anna Scaglione — Lecture 14 - Opinion Dynamics, Financial Networks 24/57



Co

Opinion Dynamics as Network Consensus (&) cmven

Consider a network of individuals exchanging opinions.
m Node 7 represents a person
m x;(t) represents the opinion of person i at time ¢

m Edges represent influence relationships
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R w Conclusions

Op|n|on Dynamlcs as Network Consensus@(@)) comvnens

Consider a network of individuals exchanging opinions.
m Node 7 represents a person
m x;(t) represents the opinion of person i at time ¢
m Edges represent influence relationships

A simple opinion update model is

xi(t+1) ZVV,]%
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Opinion Dynamics as Network Consensus (&) cmven

Consider a network of individuals exchanging opinions.
m Node i represents a person
m x;(t) represents the opinion of person i at time ¢
m Edges represent influence relationships

A simple opinion update model is
i(t+1) Z Wijz;(t)

Interpretation:
m IW;; measures how much person ¢ trusts person j

m Each person updates their belief as a weighted average of
neighbors
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Opinion Dynamics as Network Consensus (&) cmven

Consider a network of individuals exchanging opinions.
m Node i represents a person
m x;(t) represents the opinion of person i at time ¢
m Edges represent influence relationships

A simple opinion update model is
i(t+1) Z Wijz;(t)

Interpretation:
m IW;; measures how much person ¢ trusts person j

m Each person updates their belief as a weighted average of
neighbors

This is exactly the DeGroot opinion dynamics model.
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DeG I’OOt O p| n |O n Dyn a m ICS Cornell University

m DeGroot introduced this model for opinion dynamics in the
70s. Topics of discussions indexed by £k =1, ..., K, each
iteraction is analogous to average consensus

{x;(t +1,k)= i Wix;(t; k)

[x.—(t; k) — opinion of agent I".]

m Agents takes a weighted average of neighbors’ opinions (recall
W1=1).
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Conc

ons
Dy n a m I Cs Cornell University

DeGroot Opinion

m The DeGroot model is identical to Average Consensus
Gossiping (ACG) we already have studied, we just used W as
the weight matrix instead of W.
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DeG I’OOt O p| n |O n Dyn a m ICS Cornell University

m The DeGroot model is identical to Average Consensus
Gossiping (ACG) we already have studied, we just used W as
the weight matrix instead of W.

m Its convergence is geometric (these are linear dynamics,
A1 (W) = 1) and the rate is the second largest eigenvalue
)\Q(W) < 1.
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Conclusions

DeG oot Opinion Dynamlcs S—

m The DeGroot model is identical to Average Consensus
Gossiping (ACG) we already have studied, we just used W as
the weight matrix instead of W.

m Its convergence is geometric (these are linear dynamics,
A1 (W) =1) and the rate is the second largest eigenvalue
)\Q(W) < 1.

Fact: if G is strongly connected and W1 =1, \;(W) =1,
(W) <1

Jim x(t; k) = c¢(k)*1 = consensus is reached.
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C

Long term influence Influence consensus IOR Geniy

Recall that the DeGroot model (t 4+ 1) = Wx(t) has generally a
directed network. If the network is strongly connected,

c
——

Jim xz(t) =1 w'x(0), where w'W =x"
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Conclusions

erm influence Influence consensus NIGR UGy

Recall that the DeGroot model (t 4+ 1) = Wx(t) has generally a
directed network. If the network is strongly connected,

C

——

Jim z(t) =1 w'x(0), where w'W =nx"

Hence ¢ = =N mx;(0) (the larger 7; the larger the influence of
that agent). Interpretation:

m 7; measures the long-run influence of agent ¢
m agents with larger 7; have more impact on the final opinion

Anna Scaglione — Lecture 14 - Opinion Dynamics, Financial Networks 28/57



Conclusions

Long term influence Influence consensus IOR Geniy

Recall that the DeGroot model x(t + 1) = Wx(t) has generally a
directed network. If the network is strongly connected,

C

——
Jim z(t) =1 w'x(0), where w'W =nx"
Hence ¢ = =N mx;(0) (the larger 7; the larger the influence of

that agent). Interpretation:
m 7; measures the long-run influence of agent ¢
m agents with larger 7; have more impact on the final opinion

The vector 7 is the stationary distribution of a random walk
on the network and is related to the eigenvector centrality and
page-rank algorithm
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Conc

Evolution of the opinions

Cornell University

m The more meshed the network is, the lower is 0 < Ay < 1.
The algebraic connectivity of the graph is 1 — Ao (W).

De Groot Model: Gonsensus - 1,=0.9558
De Groot Model: Consensus - ), =0.6425 . . i

w

Opinions xi(t]

RE 2 B

Opinions xi[ﬂ

o : m om = om ow

= e
iteration 1 !

s il o é‘) L 0 (o=
iteration t

m A variant of the model is the randomized consensus

T = E
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Randomizing the opinion exchange (&) comenvmvensy

m Pairs of neighbors wake up at random, exchange and then
update their opinions to the average of their current ones, i.e.:

zi(t+ 13 k) = x;(t + 1; k) = 0.52,(t; k) + 0.52;(t; k)

Note the trust matrix is switching randomly (l.e. W ()1 = 1).

x(t+ 1, k) =
0.5x(t; k) + 0.5x(t; k) ] / \

[ xi(t; k) — opinion of agent .".]
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Convergence of Randomized Interaction (&) comavmesy

m If the process W (t) is stationary (e.g. the pair choice is i.i.d.
vs t) in expectation the dynamics look exactly the same. Let
Z(t; k) = Elx(t; k)|0;] and W = E[W (¢)]

Z(t+ 1;k) = Wx(t; k)

Randomized Consensus Randomized Consensus

Opinions x[{)
Opinions x({)
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Revie Conclusions

Convergence of Randomized Interaction Cornal Universiy

m If the process W (t) is stationary (e.g. the pair choice is i.i.d.
vs t) in expectation the dynamics look exactly the same. Let
Z(t; k) = Elx(t; k)|0;] and W = E[W (¢)]

Z(t+ 1;k) = Wx(t; k)

m In this case if the graph is strongly connected and W1 =1
we have almost sure convergence to consensus

Randomized Consensus Randomized Consensus

Opinions x({)
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Re Conclu

Disagreement and polarization (&) cometvnivesy

m Consensus is more the exception than the rule (polarization)

Social network data / opinion:

D ts and Republi More Ideol Ily Divided than in the Past
Distribution of Democrats and Republicans on a 10-item scale of political vatues
1994 2004 2014
MEDIAN MEDIAN MEDIAN MEDIAN MEDIAN

Democrat Republlcan

Consistently

Democrat Renuhllcan Demm:ral Renuhlil:an

A A

PEW RESEARCH CENTER

m Polarization is common in social networks’ opinions (democrats
vs. republicans)
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DeGroot Model with Stubborn Agents (&) comvmersy

m Let G = (V,E, W) to include S stubborn agents with S < n.
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Conclusions

DeG oot Model with Stubborn Agents ol Universit

m Let G = (V,E, W) to include S stubborn agents with S < n.

m Stubborn agents are agents whose opinions do not change,
e.g., the leaders, guiding the rest towards different actions.
Mathematically, we have:

zi(t+ 1; k) = x;(t; k), ¥V t, if agent i is stubborn.
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DeGroot Model with Stubborn Agents ) comalitnversy

m Let G = (V,E, W) to include S stubborn agents with S < n.

m Stubborn agents are agents whose opinions do not change,
e.g., the leaders, guiding the rest towards different actions.
Mathematically, we have:

zi(t+ 1; k) = x;(t; k), ¥V t, if agent i is stubborn.

m DeGroot Opinion Dynamics — let us partition

x(t; k) = (2(t; k), y(t; k))

Gerin)= (o) (G6w)

~————
weighted adjacency matrix W
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DeGroot Model with Stubborn Agents (&) comvmersy

Gei)- (Es) ()

————
weighted adjacency matrix W

/v" "','w-.h__‘
Stubborn to Normal net. B ¥ 2 = Narmal net. D

Stubborn agents Normal agents
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DeGroot Model with Stubborn Agents (&) comvmersy

Gei)- (Es) ()

—_——
weighted adjacency matrix W
If we write each block explicitely:
z(t+ 1;k) = z(t; k)
y(t+ 1;k) = Dy(t; k) + Bz(t; k) is an affine mapping!

/ "','w-.h__‘
Stubborn to Normal net. B ¥ 2 = Narmal net. D

Stubborn agents Normal agents
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DeGroot Model with Stubborn Agents (&) comvmersy

m Let x(t; k) = (2(t; k); y(t; k)) such that y(t; k) corresponds
to the normal agents.

At time t — oo

. . 1]
Opinions = z¥

/ o Opinions = y*
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DeGroot Model with Stubborn Agents (&) comvmersy

m Let x(t; k) = (2(t; k); y(t; k)) such that y(t; k) corresponds
to the normal agents.

Steady-state: if sub-graph V \ S| is strongly connected (+other
conditions we discussed for affine dynamics):

y" = Jim y(t; k) = (I — D) 'Bz".

At time t — oo

. . 1]
Opinions = z¥

)
/ o Opinions = y*
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Revie! Conclusions

EVOlUtIOFI Of the OpInIOn Cornell University

Dw Groot Modsl: 1 stubbom agent

1

m The opinions y* is an output g

of the linear transformation ]

Opinions &t

I-D)'B. - o

£ P -
iteration t

i De Groot Model: 2 stubborn agents

s b . :

.
2. 1.
T
.
E -
&

e 7] = =i i

TR -
iteration t
De Groot Model: 2 stubborn agents

Opinions &t
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R Conc

EVOlUtIOFI Of the OpInIOn Cornell University

m The opinions y* is an output g

Dw Groot Modsl: 1 stubbom agent

H
of the linear transformation g]
‘I -D)'B. -

m The observations " " '"DEG;M:;:E;"‘;;;;,WWN w
{y*, 2%} | is at most rank o — '
min{S, K} = rank of data ~ %.
= S = number of stubborn g

foraiont

De Groot Model: 2 stubborn agents

Opinions &t
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C

EVOlUtIOn Of the Oplnlon } Cornell University

Dw Groot Modsl: 1 stubbom agent

m The opinions y* is an output L
of the linear transformation gl
‘I -D)'B. 2l
m The observations ..

De Groot Model: 2 stubborn agents

{y*, 2%} | is at most rank

min{S, K} = rank of data  ¥.

=5 = number of stubborn 5.

agents. = _ R
m In general there is no i Eey SR s

consensus. It occurs if there
is only one stubborn agent,

or all stubborn agents have

the same opinion.

Opinions &t
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Revi Conclusions

Stubborn agents and affine systems el Unversy

m The model is a discrete affine linear update model we
studied in the last lecture.

x(t+1)=We(t)+b
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R Conclusions

Stubborn agents and affine systems el Unversy

m The model is a discrete affine linear update model we
studied in the last lecture.

x(t+1)=We(t)+b

m Here we started from non-affine dynamics, but ended up with
an analogous equation for the non-stubborn agents
dynamics:

equivalent to w  equivalent to »
~~ —_—
y(t+Lk)= D y(t:k)+ B z(t:k)
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R Conclusions

Stubborn agents and affine systems el Unversy

m The model is a discrete affine linear update model we
studied in the last lecture.

x(t+1)=We(t)+b

m Here we started from non-affine dynamics, but ended up with
an analogous equation for the non-stubborn agents
dynamics:

equivalent to w  equivalent to »
~~ —_—
y(t+Lk)= D y(t:k)+ B z(t:k)

m The steady state solution is consistent with z* = (I — W)~!b
which we said is the limit of affine linear systems

y" = lim y(t; k) = (I - D) 'BzF
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Review Conclusions

Bounded Confidence and Polarization Comel Uiversiy
Hegseimann-Krause
m Are stubborn agents T
necessary to create social
division? R. Hegselmann and o o
U. Krause introduced a e i
model that shows y
polarization can emerge on e o
its own 5}
' n - i.n"‘:‘mlé. ' =
i Hegaslmann-Krause
e —
Fong o
8 wism
...%f"
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Review Conclusions

Bounded Confidence and Polarization 8 CometiUnivessity

. Hegselmann-Krause
m Are stubborn agents T
necessary to create social 5
division? R. Hegselmann and il R
U. Krause introduced a i o
model that shows y ~
polarization can emerge on e o
its own §}
m d;;(t; k) is the opinion ) S i 2
X . X Htoration 1
distance of agents ¢ and j . Hogsetmane Krause
i — e
m Agents “talk” iff g =
dij(t; k) < 7 — update is jup
- 8=
non linear =
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Alternative: Bounded Confidence (Y comettUniversty

m With u(z) the unit step u(z) = 1,2 > 0 and u(x) = 0 else,
the HK model update is a non-linear discrete dynamic:

zi(t+1;k) = ZVVZJU —dij(t; k), (t; k)

x(t+1k) = W( (t; k)x(t; k)
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Alternative: Bounded Confidence nellUniversity

m With u(z) the unit step u(z) = 1,2 > 0 and u(x) = 0 else,
the HK model update is a non-linear discrete dynamic:

zi(t+1;k) = ZVVZJU —dij(t; k), (t; k)

x(t+1k) = W( (t; k)x(t; k)

m [he randomized variant is due to G. Deffuant

zi(t+ 1 k) = x;(t; k) + 0.5u(r — d;;
zi(t + 15 k) = z;(t; k) + 0.5u(7 — dy; (t;k))(mi(t§k)_xj<t;k))

Anna Scaglione — Lecture 14 - Opinion Dynamics, Financial Networks 39/57



Conclusions

Alternative: Bounded Confidence (8] comevniversty

o
% 1000 2000 3000 0 1000 2000 3000
Iteration Iteration

Phase transition to consensus

Let W,; probability of the interaction and
dij(t; k) = |z;(t; k) — xj(t; k)|. A necessary condition for the
system to converge almost surely to consensus:

ij
v
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Phase transition from consensus to polarizatiom s

Let dij(t; k‘) =

phase transition from a
population of polarized
opinions to consensus. A
necessary condition for
the system to converge
almost surely to consensus

T > Eik o= ZWUd’L]<O7 k‘)

ij

W ; probability of the
interaction.
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F—
=
H
1 — o
B8 ——n=100
E 2 - n=200
2z -
W -
= 1 1.5 2
< Threshold t
*=0.16 * =0.36 T =0.64
<aza o -
a0 i o
= [0,0,1] =m0 [0,0,1 m [0,0,1]
- W [01.0], I i ] [0,1,01... g [0.1.0]
410,01 -[1.0,01 H.0,0]

The @), in this case has three possible
outcomes: the belief is a point in the
3-D simplex. The frequency with which
consensus is observed decreases as the
threshold decreases.
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Revie! Conclusions

O U tl I n e / Cornell University

Opinion dynamics modeling

m Random walk based models
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Re Conclu

Ote r m O d e I Cornell University

Bounded opinions:

m Agents have a prior belief z;(0; k) = p(6x|s;) on a topic 6y
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Bounded opinions: —

m Agents have a prior belief z;(0; k) = p(x|s;) on a topic 6y

m Agents can only observe actions a;(t; k) (typically binary, i.e.
€ {1,0}) and update their beliefs
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R Col

Bounded opinions: Voter model —

m Agents have a prior belief z;(0; k) = p(x|s;) on a topic 6y

m Agents can only observe actions a;(t; k) (typically binary, i.e.
€ {1,0}) and update their beliefs

m The fact that the observations are quantized makes a
significant difference
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Bounded opinions: Voter model (B comeuniversy

m Agents have a prior belief z;(0; k) = p(x|s;) on a topic 6y

m Agents can only observe actions a;(t; k) (typically binary, i.e.
€ {1,0}) and update their beliefs

m The fact that the observations are quantized makes a
significant difference

Variants of the voter model

m Rational agents with bounded opinions - Bikhchandani,
Hirshleifer and Welch (BHW)
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Bounded opinions: Voter model (B comettunivensy

m Agents have a prior belief z;(0; k) = p(6x|s;) on a topic 6y

m Agents can only observe actions a;(t; k) (typically binary, i.e.
€ {1,0}) and update their beliefs

m The fact that the observations are quantized makes a
significant difference

Variants of the voter model

m Rational agents with bounded opinions - Bikhchandani,
Hirshleifer and Welch (BHW)

m Binary opinion dynamics - Peter Clifford and Aidan Sudbury
73 is inspired by Ising model for spin alignment
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Re Con

Bounded opinions: Voter model (B comettunivensy

m Agents have a prior belief z;(0; k) = p(6x|s;) on a topic 6y

m Agents can only observe actions a;(t; k) (typically binary, i.e.
€ {1,0}) and update their beliefs

m The fact that the observations are quantized makes a
significant difference

Variants of the voter model

m Rational agents with bounded opinions - Bikhchandani,
Hirshleifer and Welch (BHW)

m Binary opinion dynamics - Peter Clifford and Aidan Sudbury
73 is inspired by Ising model for spin alignment

Both of them lead to consensus or herding
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C

Herdlng Of I’atlonal agentS Cornell University

= Bikhchandani, Hirshleifer and Welch (Enviroument 0 ]
(BHW): 6 is randomly determined i T
between the values of 1 ("good p(s118)  [p(s210)] - [p(s.]0)
state") and 0 ("bad state”) 131 lb‘z l“”

m The agents gain c if a; = 0 =1 they : =
loose cif a; =1 and 8 = 0 and
a; = 0 yields no gain or cost \-:-‘” \-E*J’ };E-_{

Anna Scaglione — Lecture 14 - Opinion Dynamics, Financial Networks 44/57



Herding of rational agents Cornll Universty

m Bikhchandani, Hirshleifer and Welch [ Environment ¢ ]
(BHW): 6 is randomly determined

between the values of 1 ("good m m 55 |6 c,.”|g\

state") and 0 ("bad state”) l l
Qf?
m The agents gain c if a; = 6 =1 they . . .
loose ¢ if a; =1 and 6 = 0 and
a; = 0 yields no gain or cost S——T A NS

25} 5] hp—1

The updates are in sequence. The tth agent to update observed s; and
the actions of the previous agents to decides

a(t; k) = argmaxge o 13P(0]st, a(t—15k), ..., a(1;k)) — rational choice
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R Conclusions

Herding of rational agents (&) comenvniersy

Information cascade

The update rule (for cond. independent s;) for the likelihood ratio
is a martingale. In finite iterations the agents herd and make the
same decision irrespective of their private belief, which has finite
probability of being wrong!
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Re v C ns
Information Cascade Model Setup (&) ey

m It is a sequential decision-making process where the tth agent
choose between two actions a(t), A and B, corresponding to
two possible states of the world, # = H =1 (high) and
0 =L =0 (low).

m Each agent receives an independent private signal s(t) which
can be either h = 1 (favoring H) or [ = 0 (favoring L). For
simplicity let us assume a symmetric private signal structure:

P(ss=hl§ =H)=P(s=10§=L)=p>0.5.

Each agent observes all past actions but not the private signals of
previous agents.
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Decision Rule and Information Cascades D ComllUniversty

m Each agent follows the Maximum A Posteriori (MAP) rule,
choosing A for a given history=(a(t — 1),...,a(1)) and s; if:

P(H |history,, s;) > P(L|history,, s;).

m Using Bayes' theorem, the belief update based on past actions
and the private signal can be expressed in terms of the
log-likelihood ratio (LLR):

P(H]|history,) P(s|H)

A; = log NSO 0 A5 1
tT 8 p(Llnistory,) | ° P(si|L) (1)

m The agent selects A if A,, > 0, otherwise B is chosen.
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R Conc
First Two Agents Follow Their Signals Cornal Universiy

The first agent has no prior observations and follows their private
signal:
A, if S1 = h,
a; =
B, if S1 = l.

The second agent observes a; and updates their belief, still
considering their own signal.

Anna Scaglione — Lecture 14 - Opinion Dynamics, Financial Networks 48/57



Agent and the Onset of Herding ) comettnversy

If the first two agents choose the same action, say A, the third
agent updates their belief as:
(H|A, A)

P
As = log b2
3708 (LA, A)

P(s3|H)

P(so]L)° 2)

+ log

If P(H|A, A) is high enough, then even if s3 = [, we may have
A3 > 0, leading to the choice of A. This initiates a cascade where
subsequent agents ignore their private signals.
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Conclusions

Information Loss and Herding B comantnversy

Once an information cascade starts, all subsequent agents choose
the same action irrespective of their private signals. This results in
potential inefficiency, as incorrect cascades can emerge purely due
to early misalignment of private signals.
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Vote r m O d e I ) ‘> Cornell University

m Introduced by Peter Clifford and Aidan Sudbury analyzed first by
Richard A Holley and Thomas M Liggett
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Vote r m O d e I A) Cornell University

m Introduced by Peter Clifford and Aidan Sudbury analyzed first by
Richard A Holley and Thomas M Liggett

m In interacting social agents copy at random the action of a

neighbor
m The next action a;(t; k) is equivalently a Bernoulli random
variable:
a;(t; k) ~ B(x;i(t; k), it +1;k) ]N] Z aj(t; k)
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Vote r m O d e I ) ‘> Cornell University

m Introduced by Peter Clifford and Aidan Sudbury analyzed first by
Richard A Holley and Thomas M Liggett

m In interacting social agents copy at random the action of a

neighbor
m The next action a;(t; k) is equivalently a Bernoulli random
variable:
a;(t; k) ~ B(x;i(t; k), it +1;k) ]N| Z aj(t; k)

JEN;

Voter model at t — oo

Consensus: Reached over connected finite graphs and 1 — 2D lattices.
All actions are almost surely the same, i.e. t — oo a(t;k) = a™ as..
The final collective action can be a® =0 or a® = 1. Given z;(0; k):

Pa®=1)= %11T x(0; k).
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Review Conclusions

Analysis of the voter model (@) comavmensy

m The key analysis methods is the dual approach: it tracks the origin
of an opinion at node ¢ at time 7" back in time, by viewing it as a
random walk
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m The key analysis methods is the dual approach: it tracks the origin
of an opinion at node ¢ at time 7" back in time, by viewing it as a
random walk

m The state of each agent ¢ at time 7" can be traced back to an
opinion jumping from a neighbor to another
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F Conclusions

Analysis of the voter model (@) comavmensy

m The key analysis methods is the dual approach: it tracks the origin
of an opinion at node ¢ at time 7" back in time, by viewing it as a
random walk

m The state of each agent ¢ at time 7" can be traced back to an
opinion jumping from a neighbor to another

m If the origins of opinions of all agents at some in time point
coalesce, the walks will continue together
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Review Conclusions

AnalySiS Of the Voter mOdel ( ‘) Cornell University

m The number of steps backward when each of the random walks
coalesces is the consensus convergence time

‘ ' | |
‘ | ' '
| 1] 1 1
T : ' :
| ] ]
W R R S
1 [} ]
t1 : : e
| 1 1 1
w1 ; —
0 H H L Hl
1 2 3 4
(a) (b)
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Review Conclusions

Voter model with stubborn agents (&) cometiuniversity

m No consensus. The network continues to randomly change votes
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Voter model with stubborn agents Cornal Universiy

m No consensus. The network continues to randomly change votes

m Mobilia in 2003 performed a mean field study.
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Voter model with stubborn agents ) ometlvnmersty

m No consensus. The network continues to randomly change votes

m Mobilia in 2003 performed a mean field study.

If every non-stubborn node in the network has at least one directed path
to a stubborn agent votes a(t; k) converges in distribution, i.e. for
t — 400 a(t; k) ~ B(x(+0)).
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Stubborn agents pOSition ¥ Cornell University

m Placement of stubborn nodes makes a huge difference on the
Average cpinion vs time

P
| ]

. . a |
T e AT o i 2

Placement 1 Average opinion vs time Placemeant 2
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Stubborn agents position S—

m Placement of stubborn nodes makes a huge difference on the
variance

Average opinion vs time

’\ | ”' M

% 10‘

Placement 1 Average opinion vs time Placemeant 2

Optimal placement

The problem of maximizing social bias is a sub-modular problem —
near optimal solution is greedy.
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Review Opinion dynamics modeling

O Utl I n e ‘> Cornell University

Conclusions
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Opinion dynamics modeling

C O n C | u d i n g re m a r ks ; Cornell University

m In this lecture we discussed social networks models for opinion
dynamics

m These models were example of linear, non-linear and affine
dynamics that we introduced in general before

m We will introduced models for financial contagion in the next
lecture.
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