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m Random walk: At each ¢:

x™(t) = ey, (t), where v is the vertex chosen at random and
ey (t) is the vthcoordinate vector

The probability mass of the vertex being chosen is the vector
such that w(t + 1) = W (t), where W is the transition
probability matrix (W = I — L™ for the uniform random
walk)

Ao (W) < 1 implies that 7w (t) = 7* + O(\4(W))

m Consensus Gossiping: At each t:

The state is updated synchrounously (¢t + 1) = Wa(t),
The [|lz(t) — 21| = O(A,(W))
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m Random walk: At each ¢:

x™(t) = ey, (t), where v is the vertex chosen at random and
ey (t) is the vthcoordinate vector

The probability mass of the vertex being chosen is the vector
such that w(t + 1) = W (t), where W is the transition
probability matrix (W = I — L™ for the uniform random
walk)

Ao (W) < 1 implies that 7w (t) = 7* + O(\4(W))

m Consensus Gossiping: At each t:

The state is updated synchrounously (¢t + 1) = Wa(t),
The [|lz(t) — 21| = O(X,(W))

The state is updated asynchrounously x(t + 1) = W (t)x(t),
The EfJx(t) — 2**1[|] = O(X5(W))

Anna Scaglione — Lecture 12 - Random network dynamicsepidemic models 4/37



Genera Is for network d nclusions

Ordinary Differential Equation (ODE) ComellUnersty

m Often these processes are described in terms of (possibly
stochastic) ODE

Anna Scaglione — Lecture 12 - Random network dynamicsepidemic models 5/37



General models fi nclusions

Ordinary leFerentlaI Equation (ODE) ComellUnersty

m Often these processes are described in terms of (possibly
stochastic) ODE

m Basically, (t) = dgfiy) is used in lieu of the finite difference (the
change) of states (x(t+ 1) — x(t))

Anna Scaglione — Lecture 12 - Random network dynamicsepidemic models 5/37



General models fi dynamics Concl

Ordinary leFerentlaI Equatlon (ODE) ComellUnersty

m Often these processes are described in terms of (possibly
stochastic) ODE

m Basically, (t) = dgfiy) is used in lieu of the finite difference (the

change) of states (x(t+ 1) — x(t))

m Note that for the processes we defined W = I — Laplacian - i.e.
either L™ or oL or L(t)
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Ordinary Differential Equation (ODE) —

m Often these processes are described in terms of (possibly
stochastic) ODE

m Basically, (t) = dgfi(tt) is used in lieu of the finite difference (the

change) of states (x(t + 1) — x(t))

m Note that for the processes we defined W = I — Laplacian - i.e.
either L™ or oL or L(t)

m Let us take for example the synchronous average consensus.
Subtracting at both sides x(t)

~dtz(t) w
z(t+1)—x(t) = (I —al)xz(t)—xz(t) = z(t)—aLz(t)—x(t) = —aLx(t)

~ i) = —%Lw(t)
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General models for network dynamics Conclusions

Ordinary Differential Equation (ODE) ComellUnersty

m We can call a/dt = ~. For the discrete time dynamics ODEs are
very reasonable approximations when changes are relatively small:

~ x(t) = —yLx(t)

m Assume the eigenvalue decomposition of L = UAU ! and denote
by &£(t) = U 1z(t):

£(t) = U ti(t) = AU ' La(t) = —y U TUAU 'a(t)

=I =£(t)
= AU TUAU 'z(t) = —yAE(t)
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General models fo dynamics Conclusions

S O I u t I O n Cornell University

m Since A is diagonal, £(t) = —yA£(t) this is a set of N = |V|
decoupled first order ODEs that have as a solution an exponential
trend. Given £(0) = U~ 'z(0):

§(t) = =y \ebi(t) = G(t) = Ape 7M1, (0)
m Denote by uy the columns of U and by 'v,;r the rows of UL

m From the solution for &(t), we can get back the solution for x(t),
since £(t) = U lz(t) = :n(t) = U&(t)

o(t) Zukfk Z upApe ML (0)
k=1 k=1
and since £,(0) = v/ z(0):
N
x(t) = Z e Myl 2(0)
k=1
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Summary for linear homogenous ODE Comll Universy

m We can call a/dt = ~. The ODE approximation for the discrete
time dynamics is:
~ &(t) = —yLx(t)
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General models fi dynamics Conc

Summary for linear homogenous ODE Comll Universy

m We can call a/dt = ~. The ODE approximation for the discrete
time dynamics is:

~ &(t) = —yLx(t)

m Assuming &(0) = v} x(0), with (0) the initial state, the solution
of these network ODEs is, in general:

N—
=3 Mebr(0)e Py = 3" A&(0)e M gy,
where here the second equation is because, for the Laplacian,

AN =0
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General models for network dynamics
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R \ Conc

General non-linear models for network dyr@mies: v

m They are often studied in the form of ODEs, particularly to analyze
if the system becomes stable.

m We omit the index t for simplicity. The mathematical form is:

&y = fi(wi) + Z wigij (i, x5) VieY
JEN;

and w;; are the edge weights, which are zero if (i,5) & £
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m We omit the index t for simplicity. The mathematical form is:
i = filz) + Y, wijgij(wi,z;) Vi€V
JEN;
and w;; are the edge weights, which are zero if (i,5) & £
m Note that in general a dynamical system is @; = g(z1,...,2x),

not generally a mixture of pairwise interactions. Yet, in many case
it is a good model.
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General non-linear models for network dyr@mies: v

m They are often studied in the form of ODEs, particularly to analyze
if the system becomes stable.

m We omit the index t for simplicity. The mathematical form is:
i = filz) + Y, wijgij(wi,z;) Vi€V
JEN;
and w;; are the edge weights, which are zero if (i,j) ¢ £
m Note that in general a dynamical system is @; = g(z1,...,2x),

not generally a mixture of pairwise interactions. Yet, in many case
it is a good model.

m Often, in models, the two functions f;(x;) and g;j(z;,z;) are the
same for all nodes, i.e. they are f(z;) and g(z;, z;)

i = fz) + Y wig(z, x))
JEN;
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Re Conclusions

Exan»i‘ple: susceptible-Infected (SI) Epide

m An example of such models is the so called SI model, where z;(t)
represents the probability of infection

NFECTION
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Example: susceptible-Infected (S1) Epidenf@imodeks

m An example of such models is the so called SI model, where x;(t)
represents the probability of infection

m In this case 4;(t) is a stochastic ODE that models the change in
probability of infection for node ¢ due to random contact with its
set of peers \V;

NFECTION
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Conclusions

Probablllty of node 7 catching the disease(Z)}) comervnensis

m The S| model depends on a parameter 3 capturing the probability
of contact of two neighbors per unit time.

m The dynamics of the probability are based on the infection event
probability for node ¢ is the probability that node ¢ catches the
disease from any of its neighbors in an interval dt.

m Let ;(t)=infection event for node 7 at time ¢. Clearly

I;(t + dt) = node i is sick already or it infected by a neighbor

m Let ;;(t)=node i catches the disease from node j at time ¢, then:

Ii(t + dt) = Il(t) Uj Iij(t)
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Review Conclusions

I n feCt i O n eve n t i P Cornell University

We need to characterize the probability of each event I;;

m The probability of the event I;; this node is a specific neighbor
j € N the intersection of three events:

m Infection event I;;: Node i catches the disease from node j:

I; = node j must be already infected (the probability is
x;(t)) and
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m The probability of the event I;; this node is a specific neighbor
j € N; the intersection of three events:
m Infection event I;;: Node i catches the disease from node j:
I; = node j must be already infected (the probability is
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S; = node i must be suscetible (the probability of being
suscepible 1 — z;(t)) and
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Conclusions

I n feCt i O n eve n t ; P Cornell University

We need to characterize the probability of each event I;;

m The probability of the event I;; this node is a specific neighbor
j € N the intersection of three events:

m Infection event I;;: Node i catches the disease from node j:

I; = node j must be already infected (the probability is
x;(t)) and

S; = node i must be suscetible (the probability of being
suscepible 1 — x;(t)) and

M;; the two have to meet in a certain interval dt (the
probability is Bdt for nodes j € Nj).
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Conclusions

Probablllty of node 7 catching the disea Cornal Universiy

m The probability P(I;;) can be written as the following probability
calculation:

P(I;;) = P(I; N S; N M;;)
= P(I;) x P(S;) x P(M;)
= ;z;j(l —xi)ﬁdt

m Hence the probability that node i is infected at time ¢ + dt is:
zi(t + dt) = P(I; Ujen;, 1;j) = )+ Z P(I ”
TN e pa

because either node i is infected or one of the neighbors will infect
7 and because these events are mutually exclusive, their
probabilities add up.
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Dynamics of the Susceptible-Infected (SI){modeluss

m Hence, the rate of change in probability ﬁ%fw = is:

St model ;=Y Baj(1—a) =B —z) .
JEN; JEN;

m Note that it has exactly the structure as:

i = flzi) + Y wijg(xi, z;)
JEN;

where f(x;) = 0, the weights are all the same w;; = 3, (i,j) € £
and w;; = 0 else, and g(z;, ;) = (1 — 2;)x;, which is non linear.

m All the stuff we said about linear dynamics cannot be applied to
study global convergence properties...
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Con

SI model meanfield analysis D comttUniversiy

m Let us call by X = Zfil x;, which is the expected size of the
population of infected people. Note that:

1
¢ = NZ:L‘Z = X =Nz

m The expected number of susceptible people is S = N — X

m It is interesting (and often easier) to explore the dynamics of
22¥® to gain insight on the average infection rate across a
network

ave

m The study of the dynamics of 22 is called the meanfield

analysis.
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Conclus S

Logistic differential equatio B Comettniversy

m Next, we find a closed-form expression for x2V¢(t), under the
simplifying assumption of the fully connected case, i.e.
Vi, N; =1V (i.e. an invidual can meet anyone)

m Note that in this case, on average, a susceptible individual

meets an infected one is ﬁSTX This value can be written as:

B(N — X)X

N — 6(1 _ xave)Nl,ave
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m Next, we find a closed-form expression for x2V¢(t), under the
simplifying assumption of the fully connected case, i.e.
Vi, N; =1V (i.e. an invidual can meet anyone)

m Note that in this case, on average, a susceptible individual
meets an infected one is ﬁSTX This value can be written as:

B(N — X)X

N — 6(1 _ xave)Nxave

m [ herefore

X — Niave — /3(1 _ xave)Nxave :> :I‘/_BVE — /8(1 o wave)$ave

m This equation in red is called Logistic Equation.
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Review Conclusions

LOgiStiC d iffere ntia | eq u ation Cornell University

m In general the solutions of non-linear ODEs are difficult to
obtain in closed form.
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R Conclusions

Loglstlc differential equation D Comelrivrsy

m In general the solutions of non-linear ODEs are difficult to
obtain in closed form.

m However, the solution of the Logistic Equation is known in
closed-form and is:

xave(o)eﬂt

avet —
€ ( ) 1 — xave(O) + mave(o)eﬁt
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Review Conclusions

Logistic differential equation trend Cornal Universiy

m The trend of the curve is a sigmoid. The rate at which the
susceptible agents decrease is s®¢(t) = 1 — x?"¢(t)

=3
2 7 = smum
= L.num
= —
g
>
=
=
T &
=
£
=z g
o~
=
2
= -
[ I I I I 1
] 100 200 300 400 500

Time

Anna Scaglione — Lecture 12 - Random network dynamicsepidemic models 19/37



R C

Network dynamics in the S| model (&) comnvniesiy

m There is no clean closed form solution when we analyze the
dynamics of x;(t) instead of the meanfield x2"¢(t).

m As you can imagine, the dynamics are not that hard to
simulate.
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m As you can imagine, the dynamics are not that hard to
simulate.

m The trick to gain insight is to analyze the spread at its onset,
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R Conclusions

Network dynamics in the S| model D) Comet Uy

m There is no clean closed form solution when we analyze the
dynamics of x;(t) instead of the meanfield x2"¢(t).

m As you can imagine, the dynamics are not that hard to
simulate.

m The trick to gain insight is to analyze the spread at its onset,
when z;(t) ~ 0

m In this case, denoting by A the adjacency matrix of the
network:

=B(l—m) ) z;=p Y v, = Tx[Ax

JEN; JEN;

because we are approximating (1 — x;) =~ 1.
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Revie\ Conclusions

LOgiStiC d iffere ntia | eq u ation Cornell University

m As we have seen, assuming that A = UAU !, denoting by
£(0) = U 'x(0), for linear ODEs

N
z(t) ~ Y &(0)e™ uy, ¢ small
k=1

hence at the onset the curve grows exponentially
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m As we have seen, assuming that A = UAU !, denoting by
£(0) = U 'x(0), for linear ODEs

N
z(t) ~ Y &(0)e™ uy, ¢ small
k=1

hence at the onset the curve grows exponentially

m Naturally this happens in the first portion, close to the
beginning. After that the curve cannot do anything else but
saturate to value 1, so it cannot continue exponentially
growing.
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Conclusions

Logistic differential equation D) Comel Uy

m As we have seen, assuming that A = UAU !, denoting by
£(0) = U 'x(0), for linear ODEs

N
z(t) ~ Y &(0)e™ uy, ¢ small
k=1

hence at the onset the curve grows exponentially

m Naturally this happens in the first portion, close to the
beginning. After that the curve cannot do anything else but
saturate to value 1, so it cannot continue exponentially
growing.

m Note that if there is only one infected individual j* then
£c(0) = [vg];+, the j* component of the rows of U .
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F Conclusions

Limitations of the SI model (&) comenvimessy

m An obvious criticism of this model is that it does not capture
the fact that some individuals either recover or, sadly, die.

m Because they can no-longer infect others they should be
removed from the population that can infect people
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Conclusions

Limitations Of the SI model Cornell University

m An obvious criticism of this model is that it does not capture
the fact that some individuals either recover or, sadly, die.

m Because they can no-longer infect others they should be
removed from the population that can infect people

m This is an obvious extension, we discuss next.

m Another extension (we are not going to cover) is the case
where people become susceptible again, for instance, to a
variant.
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Susceptible-Infected-Removed (SIR) modélE) cmaivmmen

m A better model for epidemic spread is the so called SIR model

m As the name suggests accounts for the fact that some nodes in the
network shall be removed, if they become immune or are dead due
to the disease
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Conclusions

Susceptible-Infected-Removed (SIR) modélE) cmaivmmen

m A better model for epidemic spread is the so called SIR model

m As the name suggests accounts for the fact that some nodes in the
network shall be removed, if they become immune or are dead due
to the disease

m Let r;(¢) represent the probability that the node is removed and ~
the probability that a node infected recovers. | must be:

Ti = YT

SIR model ;= > B(1—z)x; — v,
JEN;
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Conclusions

Solvmg the SIR model approximately (&) comnvniesiy

m As done for the SI model we can attempt to first analyze the
meanfield solution in the case where everyone can meet any other
member of the population V

m In this case the equation does not have a close-form solution
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Conclusions

Solvmg the SIR model approximately (&) comvmenss

m As done for the SI model we can attempt to first analyze the
meanfield solution in the case where everyone can meet any other
member of the population V

m In this case the equation does not have a close-form solution

m Some insight is gained noting that relationship of s?V¢ =1 — z?v¢
and r@'¢ = the average percentage of removed nodes is:
-ave ave _.ave - ave ave S‘ave B - ave
S = —ﬁS x ) r = YT = gave = —;T'

m The integral of £ with respect to s, from s2'¢(0) to s**¢(t) is
In s?V¢(¢) — In s(¢). Hence, cosidering that r2¥¢(0) = 0:

ave B .ave
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Solving the SIR model numerically (@) comenvniersy

m In general the solution is calculated relatively easily numerically
and looks as follows

1

Susceptible
08 +  Infected
| == Recovered

Fraction of population in each class
o o 2 O o o ©
ha 5] B @ o ~ =)
-
-
-
-~
~
~
Y
) . A . .

{3
-~
i

=]
4
]

Time(weeks)
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Conclusions

Re pro d U Ct i O n n U m b e r RO \> Cornell University

m A metric used often to characterize infection is the reproduction
rate of infections. Let 7 be the random time of recovery for a
individual.
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F Conclusions

Re prOd UCtion n U m ber RO i P Cornell University

m A metric used often to characterize infection is the reproduction
rate of infections. Let 7 be the random time of recovery for a
individual.

m During this time, the expected number of encounters is 57 and

R, := E[p7] = BE|[7]

m To compute R, we need to compute the expected value of 7. Next
we compute is probability density function (PDF) p(7) of the
recovery time.
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Conclusions

Reproductlon number R, for SIR model (&) cmervnmensy

m p(7)d7 is the probability that an individual has recovered after at
time 7, precisely in the interval (7,7 + d7].
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Co

Reproduction number R, for SIR model (&) comervnmensy

m p(7)d7 is the probability that an individual has recovered after at
time 7, precisely in the interval (7,7 + d7].

m If the probability of recovering in an interval d7 is uniform and is
~vdT, the probability that the individual has not recovered yet at
time 7 is:

lim (1 — ydr)d = e 7
A, —ndr)ar = e
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Conclusions

Reproduction number R, for SIR model (&) comervmmens

m p(7)d7 is the probability that an individual has recovered after at
time 7, precisely in the interval (7,7 + dr].

m If the probability of recovering in an interval d7 is uniform and is
~vdT, the probability that the individual has not recovered yet at
time 7 is:

lim (1 — vdr)dr = e 77

A, —ndr)ar = e

m Hence, that the probability of recovery in the interval (7,7 + d7] is
the product of the probability of not recovering until 7, we
computed above, times the probability of recovering in (7,7 + d7],
which is ydr:

p(r)dr =e ydr = p(r)=~e 7, 7>0
which is an exponential PDF. Because for an exponential random

variable E[7] = % it follows that R, = g
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Network dynamics for the SIR model D) Comet Uy

m This case can be analyzed at its onset, along the lines we adopted
to approximate they dynamics of the SI model

ii= > Bl-wm)zj—yzi~ Y, frj—vyz, =i~ (BA-I)z
JEN; JEN;

m Therefore, once again, the solution is in the usual form that
depends on the eigenvectors of the linear dynamics, which this
time is (BA —~I)
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Conclusions

Network dynamics for the SIR model Cornal Universiy

m This case can be analyzed at its onset, along the lines we adopted
to approximate they dynamics of the SI model

= Z Bl —zi)x;—ya; = Z Bxj—vx;, =&~ (BA—])x
JEN; JEN;

m Therefore, once again, the solution is in the usual form that
depends on the eigenvectors of the linear dynamics, which this
time is (BA —~I)

m Given A =UAU !, then (BA —~I) =U(BA — 1)U L.
m With £(0) = U~ 'x(0) The solution is:

Z fk ’8)"“ "t ug, t small

Anna Scaglione — Lecture 12 - Random network dynamicsepidemic models 28/37



Review Conclusions

O U tl I n e / Cornell University

General models for network dynamics
m General analysis non-linear network dynamics
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Review Conclusions

G e n e ra | a n a |ys i s ¢ P Cornell University

m The dynamics can always be simulated, but we do not gain any
insight.

m The idea of looking locally at the behavior of the dynamical
equations is used often

m The starting point is a fixed point * for the equations, where
z;(t)=0foralli €V

VieV f(z*)+ Z g(xi, ;) =0
JEN;

m The approach is to look at the dynamics if one perturbs the state

by a small amount €, i.e. £(0) = * + € to understand if the fixed
point is stable or the system goes somewhere else
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R v Conclusions
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m The idea is to do a Taylor expansion of the dynamics around x*

dIEi_%
dt  dt

= f(z; +€) -I—ZA,-jg (:c’f‘ + €i, T +€j>

+2Awg< Tis ])

. d
_f (1"2) + € d.T

+ EiZAijM + ZAijEjM

, ou ov
J u=x] v=r] J u=x} v=r]
df dg(u,v) ag u v)
=€—— az, + ZAU 5 ZAU €
u=z; ,v-']m] u=z; v=r7

J
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Local dynamics and stability Cornll Universty

m Defining:
0 dg (u,v dg (u,v
ai:l ,5@‘:79( ) s Vij = g (u,v)
Oz T=x] ou u:xf,v:x}f v u:xz’.‘,v:x;

the equation becomes

de;

dt

«; + Z,@Z’inj € + Z%’injEj, = €é= Me
J J

where [M]Zj = {O&ﬂ;(@ — ]) + Zj Bz]Az]} + ’yiinj and 5(2) is the
Kronecker delta.
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m Once again, we find ourselves analyzing linear dynamics. The
eigenvalues M determine if €(t) moves away from the fixed point,
or if it dies out

m The solution depends on the EVD of M = UAU~!. Calling
e(0) = U~ '€(0), like in the previous cases:

)~ x* +25k )etktay,
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A n a |ys I S ¢ ; Cornell University

m Once again, we find ourselves analyzing linear dynamics. The
eigenvalues M determine if €(t) moves away from the fixed point,
or if it dies out

m The solution depends on the EVD of M = UAU~!. Calling
e(0) = U~ '€(0), like in the previous cases:

)~ x” —l—ZEk Akt

m Unless all A\ > 1 the fixed point is unstable

m While M depends on the adjacency matrix, the impact of the
network is not crystal clear
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Two interesting cases

Conclusions

Cornell University

m One case where the dependency is clearer is when * = z*1, i.e.
the fixed point has all identical coordinates.

m We looked at this case for the Sl and SIR models at the onset,
where &* = 0, which is (an unstable) fixed point. In this case:

o Of
P -
9g (u,v)
By =B= "
! au u=x*,v=x*
99 (u,v)
KA e N
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m In this case M = ol + fdiag(Al) + vA.
m Recall d = A1 is the degree sequence, and L = diag(d) — A
m If y=—p3, then M = ol + 8L,

m This case is interesting because the stability of the fixed point is
directly tied to the spectrum of L

a+ BA(L) <1

m Since Ay = 0, it follows that for stability %‘ =a<l1
r=x*

m This implies that for stability for stability to hold, if

9g(u,v) —
o |y=g* p=a* B
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General models for network dynamics

C O n C | u d i n g re m a r ks ; Cornell University

m In this lecture we introduced two network dynamics:

m The random walk
m The average consensus dynamics
m General non-linear ODEs

m Next time we will finish the general case and talk about flow
dynamics
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