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I n t rO d U Ct i O n ; Cornell University
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Degree distribution
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Random graphs Asymptotic analysis The configuration model

Cornell University

Introduction

m We defined local (nodal) and group properties:

Degree distribution
Centrality metrics
Similarity metrics and assortative networks

Clustering coefficient
Reciprocity
m These are helpful graph features to understand roles and
special relationships in a network and predict what other
neighbors can be to complete a network
m In this lecture we also want to introduce random graphs
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Introduction Asymptotic analysis The configuration model

O U tl I n e Cornell University

Random graphs
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Introduction Asymptotic analysis The configuration model

What is a random graph model? (@) comavmensy

® In any random
experiments we need
to define a sample
space and a
probability measure

m For random graphs
this sample space is a
set of graphs which
makes this set
discrete.
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Introduction Asymptotic analysis The configuration model

Why is t h at L| Sefu I ? / Cornell University

m Random graphs are abstractions of reality
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Introduction Asymptotic analysis The configuration model

Why is t h at L| Sefu I ? i P Cornell University

m Random graphs are abstractions of reality

m They show the idiosycracies of real graphs somewhat to the
extreme

m They are a useful benchmarks for the properties of true
networks

m A reasonably good fit helps making predictions.
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Introduction Asymptotic analysis configuration model

Wa rnin g ‘,}) Cornell University

m We start considering undirected graphs and we will continue
with them until otherwise stated.

m In our notation P(A) will denote the probability of the
event A, which includes a set of possible outcomes.

m P(A|B) is the conditional probability of the event A given
that the event B happened. Bayes law says:
P(ANB)

PUAIB) = =55

where P(A N B) is the probability of the event that any
outcome A and B have in common happened.
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Introduction Asymptotic a sis The configuration model

Ra n dOm G ra ph prO ba bi | ity ‘> Cornell University

m Typically, one either fixes the number of edges M = |&| or
then number of nodes N = |V| or both.
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Asymptotic

Ra n dom G ra ph pro ba bl | Ity ) Cornell University

m Typically, one either fixes the number of edges M = |&| or
then number of nodes N = |V| or both.

m When both N and M are fixed then the graph density is fixed
for all possible graph outcomes, and is:

s_ &l oM
_(JQV)_N(N—U

Anna Scaglione — Lecture 8- Random Graph Models 9/44



Introduction Asymptotic analysis The c ration model

Random Graph: the uniform model B CornllUnversiy

m The name Random Graph is often associated to a specific
model: a graph obtained choosing uniformly at random the
M pairs from V? that form &€ such that || = M

m The assumption specifies completely the random model, which
we refer to using the notation G(N, M). In fact:

The sample space contains all possible graphs

The probability of each graph is uniform, so each of the
graphs has probability equal to 1/|G(N, M)|
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Introduction Asymptotic a sis The configuration model

Ra n dom G ra ph prO ba bi | ity \> Cornell University

2
m We need to chose M arbitrary combinations of them:

m There are (N) possible edges.

N
|G(N, M)| = # possible way of choosing M elements our of <2>
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Asymptotic

Ra n dom G ra ph pro ba bl | Ity ) Cornell University

m There are (];[) possible edges.

m We need to chose M arbitrary combinations of them:

N
|G(N, M)| = # possible way of choosing M elements our of <2>

m This implies:

!9(N,M)\:<<g)> . pE)= L
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Introd on

R a n d O m ; | Cornell University

m There are (];[) possible edges.

m We need to chose M arbitrary combinations of them:

N
|G(N, M)| = # possible way of choosing M elements our of <2>

m This implies:

19<N,M>\=(<J‘D) ~ PG =

m You could interpret this as generating the N x M incidence
matrix B unifromly at random
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Introd on Asymptotic

Random Graph: averages ) comenunisy

m If we consider a graph metric ¢(G), an interesting analysis is
what is the average across all these graph samples using the
graph distribution P(G)

EG@) = Y €0 PO=- g X 40
GEG(N,M) (134) GES(N,M)
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Introd Asyr

Random Graph: averages =) comenunversy

m If we consider a graph metric ¢(G), an interesting analysis is
what is the average across all these graph samples using the
graph distribution P(G)

Eo@)= Y G PG = (i) S 6(9)
GEG(N,M) (134) GES(N,M)

® When N > 1 and M > 1 these quantities tend to harden,
i.e. go to a limit that depend on graph density because of the
law of large numbers

Anna Scaglione — Lecture 8- Random Graph Models 12/44



Introduction Asymptotic analysis The configuration model

Poisson /Erdds and Rényi graphs (&h cometvmseniy
graph analysis

m Fixing the number of edges makes computing Number
of Heads
expectations and limits of these random ,
graphs hard '~
y 3 1\%
. ; % 2
m A more tractable model is one where the ,
probability p that two nodes are connected is @fjﬁ 4
. . = it
fixed, but not how many edges are in £.
= -
&
=4 g@ i
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Introduction Asymptotic analysis The configuration model

Poisson /Erdds and Rényi graphs (&) comenrvmeny
graph analysis

m Fixing the number of edges makes computing Number
expectations and limits of these random ,
graphs hard =

m A more tractable model is one where the ,
probability p that two nodes are connected is f:ﬂij
fixed, but not how many edges are in £. @

® &
BB M

m This model is referred to as the Poisson
Random Graphs or Erdos and Rényi @ -
graphs, the notation we use is G(N, p)
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Introduction Asymptotic analysis The configuration model

Poisson /Erdds and Rényi graphs —

graph analysis

m Fixing the number of edges makes computing Number
of Heads

expectations and limits of these random
graphs hard

m A more tractable model is one where the
probability p that two nodes are connected is
fixed, but not how many edges are in £.

m This model is referred to as the Poisson
Random Graphs or Erdds and Rényi
graphs, the notation we use is G(N, p)

m One can interpret each graph formation as a
Binomial experiment that picks a pair among
then (g) possible with probabilty p.

If the coin is “Head” there is an edge
between (u,v) € V X V with
u # v, if it is "Tail” then u and v
are not neighbors.
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Introduction Asymptotic suration model

Poisson /Erdds and Rényi graphs —

m Let us indicate by X ~ B(K,p) a random variable whose
distribution is Binomial with parameter p (probability of success)
and K (number of trials).

pr 2 P(X =k) = (ij)pk(l -p)t

m This is the probability of having any of the sequences with &
successes. But the probability of one specific sequence is

pF(1 —p)E-F.
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Asymptotic tion model

ShfiEen / Erdos and Rényi graphs —

m Let us indicate by X ~ B(K,p) a random variable whose
distribution is Binomial with parameter p (probability of success)
and K (number of trials).

pr = P(X =Fk)= (ij)pk(l — )it

m This is the probability of having any of the sequences with &
successes. But the probability of one specific sequence is
PH(L = p)Kh

m The probability of a specific graphs with M edges is the same and
is the probability of M successes (links) over (];[) possibilities:
N
P(GlI€] = M) = p" (1 - p)(3) 7V
in other words, ] ~ B((g),p) and all graphs with the same
number of edges have equal probabilty p (1 — p)(g)’M.
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Introduction Asymptotic analysis The configuration model

Erdos and Rényi graphs averages (@) comavmensy

m This model greatly simplifies several calculation of average
graph features
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Introduction A c sis The configuration model

Erdos and Renyl graphs averages \> Cornell University

m This model greatly simplifies several calculation of average
graph features

m Average number of edges: It is the mean of the Binomial
random variable that defines the graph probability
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Introd n Asyr

Erdos and Rényi graphs averages (&) cometvmvensy

m This model greatly simplifies several calculation of average
graph features

m Average number of edges: It is the mean of the Binomial
random variable that defines the graph probability

m The expected value for the Binomial distribution B(K, p) is
E[X] = Kp.

m Therefore, given that there are (g) possible edges, the
expected number of edges of an Erdds and Rényi graph

G(N,p) is:
el = (3 )o
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Introduction Asymptotic analysis The configuration model

Erdos and Rényi graphs averages (@) comavmensy

m From the average number of edges we can easily obtain the
average degree
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Erdos and Renyl graphs averages (&) comenvmmesiy

m From the average number of edges we can easily obtain the
average degree

m From the Handshaking theorem, the average degree is

5
_ Z d, |

UEV ]V
Hence, recalling that (g) = 1N(N — 1), averaging over the
distribution of G(V, p) the average degree gives:

2 (N

l Zd]:—ZE = %=N<2>p=(f\f—l)p

veyY vey
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_ Z d, |

UEV ]V
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2 (N
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Introduction Asymptotic analysis The configuration model

Degree distribution for (N, p) (&) comervieny

graph analysis

m The observation is interesting because it is clear that in order to
have the expected degree in the limit as N — 400 coverge to a
finite value > 0, p cannot vanish faster than O(1/N)
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Introduction

Asymptotic analysis The configuration model

Degree distribution for G(V, p)

Cornell University

graph analysis

m The observation is interesting because it is clear that in order to
have the expected degree in the limit as N — 400 coverge to a
finite value > 0, p cannot vanish faster than O(1/N)

m For G(NN, p) we can actually specify the entire degree distribution,

which is:
N —1
% ( L ) k(l )Nflfk:
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Introduction Asymptotic analysis The configuration model

Degree distribution for (N, p) ) ottty

graph analysis

m The observation is interesting because it is clear that in order to
have the expected degree in the limit as N — 400 coverge to a
finite value > 0, p cannot vanish faster than O(1/N)

m For G(NN, p) we can actually specify the entire degree distribution,
which is:
N -1 1
pr = ( L )p’“(l—p)N o

m This is again a Binomial distribution, but in this case is
B(N —1,p). So E[d,] = (N — 1)p.
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Introduction Asymptotic analysis The c ation

Degree distribution for (N, p) ) ometivnsersy

graph analysis

m The observation is interesting because it is clear that in order to
have the expected degree in the limit as N — 400 coverge to a
finite value > 0, p cannot vanish faster than O(1/N)

m For G(NN, p) we can actually specify the entire degree distribution,
which is:
N -1 1
pr = ( B} )p’“(l—p)N ok

m This is again a Binomial distribution, but in this case is
B(N —1,p). So E[d,] = (N — 1)p.

m The reason is that the edges connecting each node to the
remaining N — 1 is like the Binomial experiment of N — 1 trials
with probabilty of success (i.e. of an edge) equal to p
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Introduction Random graphs The configuration model

O U tl I n e Cornell University

Asymptotic analysis
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graphs configuration model

Asy m ptot i C a n a Iys i S / ) Cornell University

m The Binomial distribution has two possible limits, for N — 4o0:
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Introduction Random graphs The configuration model

Asy m ptot i C a n a Iys i S ’ P Cornell University

m The Binomial distribution has two possible limits, for N — 4o0:

the Gaussian distribution if p is constant, i.e. d, ~ N (p,0?)
with g = pN and 0% = p(1 — p)N
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Introduction Random graphs The configuration model

Asymptotic analysis QE) comattmvensy

m The Binomial distribution has two possible limits, for N — 4o0:

the Gaussian distribution if p is constant, i.e. d, ~ N (p,0?)
with g = pN and 0% = p(1 — p)N
the Poisson distribution when p = %5 — 0

m The trend for large G(IV, p) networks has been widely studied,
considering the “Poisson case” in which the limit of the degree is a
constant, which means

&
N -1

p= , 0<c< 400 aconstant
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Introduction Random graphs The configuration model

Asymptotic analysis QE) comattmvensy

m The Binomial distribution has two possible limits, for N — 4o0:

the Gaussian distribution if p is constant, i.e. d, ~ N (p,0?)
with g = pN and 0% = p(1 — p)N
the Poisson distribution when p = %5 — 0

m The trend for large G(IV, p) networks has been widely studied,
considering the “Poisson case” in which the limit of the degree is a
constant, which means

&
N -1

p= , 0<c< 400 aconstant

m Note that — E[d,] =c¢
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Introduction Random graphs The configuration model

Asy m ptot i C a n a Iys i S Cornell University

m It is natural to be more interested in the second case, because in
the first case of finite p the network tends to be asymptotically a
complete graph and it is not interesting

m Specifically, the Poisson distribution is:
k

N>1 pk—m*‘%
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Introduction Random graphs The configuration model

Asy m ptot i C a n a Iys i S i P Cornell University

m It is natural to be more interested in the second case, because in
the first case of finite p the network tends to be asymptotically a
complete graph and it is not interesting

m Specifically, the Poisson distribution is:
k

N>1 pk—m*‘%

m This is why G(NV,p) also goes by the name of Poisson random
graph
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Introc

The c guration model

3 graphs
Degree distribution shape el University

The Poisson distribution has exponentially decaying tails. It is
unimodal with mode ¢

The Poisson Distribution

05

I I
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Introduction Random graphs The configuration model

Clustering coefficient of G(N, p) (&) comanvmmesy

graph analysis

m Recall that the clustering coefficient measures the transitivity
of nodes with respect of being connected
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Introduc and The tion model

Clustering coefficient of G(N, p) Comeltnversty

graph analysis

m Recall that the clustering coefficient measures the transitivity
of nodes with respect of being connected

m The probability of closing three nodes that are connected in a
cycle is the same as the probability of adding a third edge,

which is p. Then
E[C]=p
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graph analysis

m Recall that the clustering coefficient measures the transitivity
of nodes with respect of being connected

m The probability of closing three nodes that are connected in a
cycle is the same as the probability of adding a third edge,

which is p. Then
E[C]=p
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Introduction Random graphs The configuratio

Clustering coefficient of G(N, p) ) ottty

graph analysis

m Recall that the clustering coefficient measures the transitivity
of nodes with respect of being connected

m The probability of closing three nodes that are connected in a
cycle is the same as the probability of adding a third edge,
which is p. Then

ElC]=p

m In the asymptotic regime, this means that C'= 5 — 0
m This is one of the most striking differences of G(V, p) with
respect to, for instance, social networks, where friends of

friends tend to be friends.
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Introduction Random graphs The configuration model

Connectivity and Giant Component (&) comenvniersy

m A giant component is a graph component that includes most
of the nodes N. Let us call the set of nodes in the giant
component V9 C Y
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Introduction Random graphs The configuration model

Connectivity and Giant Component ) Comattnversy

m A giant component is a graph component that includes most
of the nodes N. Let us call the set of nodes in the giant
component V9 C Y

m Is there a value of p that leads with high probability to the
emergence of this giant components in all possible outcomes

of §(N, p)?
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Introduction Random graphs The c ration model

Connectivity and Giant Component ) Comattnversy

m A giant component is a graph component that includes most
of the nodes N. Let us call the set of nodes in the giant
component V9 C Y

m Is there a value of p that leads with high probability to the
emergence of this giant components in all possible outcomes
of G(N, p)?

m Yes. This value can be calculated if we study the expected
fraction of nodes v that are in the giant componet, i.e.

_E[v]
N

v = P(a randomly chosen node v € V9)
and so 1 — v = P(a randomly chosen node u & V9)
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Introduction Random graphs The configuration model

Probability v not in the giant component (&) comaunersy

m The probability that a node v is not in V9 is equal to the
probability of the event that v has no edge connecting it to a
nodes in VY
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Introduction Random graphs The configuration model

Probability v not in the giant component (&)} comervnenss

m The probability that a node v is not in V9 is equal to the
probability of the event that v has no edge connecting it to a
nodes in VY

m The probability that v has no edge connecting it to a nodes in

V9 can be decomposed in the occurrence of two events
Yu # v:

Anna Scaglione — Lecture 8- Random Graph Models 24 /44



Introduction Random graphs The co ration model

Probability v not in the giant component (&)} comervnenss

m The probability that a node v is not in V9 is equal to the
probability of the event that v has no edge connecting it to a
nodes in VY

m The probability that v has no edge connecting it to a nodes in
V9 can be decomposed in the occurrence of two events
Yu # v:

Event 1: u is not connected to node v, so it does not count.
This event has probablity 1 — p
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Introduction Random graphs T ration model

Probability v not in the giant component (&) comaunersy

m The probability that a node v is not in V9 is equal to the
probability of the event that v has no edge connecting it to a
nodes in VY

m The probability that v has no edge connecting it to a nodes in
V9 can be decomposed in the occurrence of two events
Yu # v:

Event 1: u is not connected to node v, so it does not count.
This event has probablity 1 — p

Event 2: u ¢ VY and it is connected to node v, and v & VY.
This event has probability (1 —v)p
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Introduction Random graphs The configuration model

Probability v not in the giant component (&) comaunersy

m The probability that a node v is not in V9 is equal to the
probability of the event that v has no edge connecting it to a
nodes in VY

m The probability that v has no edge connecting it to a nodes in
V9 can be decomposed in the occurrence of two events
Yu # v:

Event 1: u is not connected to node v, so it does not count.
This event has probablity 1 — p

Event 2: u ¢ VY and it is connected to node v, and v & VY.
This event has probability (1 —v)p

m The events are mutually exclusive, so we can add their
respective probabilities to obtain:

P(u # v Event 1 happens or Event 2 happens) =1 —p+ (1 —7)p
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Introduction Random graphs The co uration model

Probability v not in the giant compone el Universiy

m From this we can derive the following equation:

1 —~ = P(a randomly chosen node v ¢ V)
= P(Yu # v Event 1 happens or Event 2 happens)

= J] P(u# v Event 1 happens or Event 2 happens)
ueV,u#v
=(1-p+1Q-yp)"!
=(1+Q=y=-1p)" = (1—p)""
where the third equality is because the events for each node
u # v are independent and the next equation uses the

expression we found in the previous slide, simplified in the last
equation
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Introduction Random graphs The configuration model

Probability v not in the giant component (&) comaunersy

C

N7 We have:

m With some further algebra, substituting p =

N>»>1 = 1l—-gyre” = yx1—e9
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Introduc 2 e tion model

Probablllty v not in the giant component (Z))) comavnienis

m With some further algebra, substituting p = %5

N>»>1 = 1l—-gyre” = yx1—e9

m We cannot solve for v explicitly, but it is relatively simple to
get a numerical solution to find 7y such that y &~ 1 — e
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Introduc 2 e tion model

Probablllty v not in the giant component (Z))) comavnienis

m With some further algebra, substituting p = %5

N>»>1 = 1l—-gyre” = yx1—e9

m We cannot solve for v explicitly, but it is relatively simple to
get a numerical solution to find 7y such that y &~ 1 — e

m Note that the solution is v = 0 iff

l=d(1—e)/dy|ymo = ce|y=o = ¢
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Introduction Random graphs T ration model

Probability v not in the giant component (&) comaunersy

C

N7 We have:

m With some further algebra, substituting p =

N>»>1 = 1l—-gyre” = yx1—e9

m We cannot solve for v explicitly, but it is relatively simple to
get a numerical solution to find 7y such that y &~ 1 — e

m Note that the solution is v = 0 iff

l=d(1—e)/dy|ymo = ce|y=o = ¢

m This implies that there is a phase transition for ¢ < 1 there
is no giant component, while there is always a giant
component, i.e. a component with O(N) nodes for ¢ > 1
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Introductic 3 graphs cc guration model

P h a Se t ra n Sit i O n ¥ Cornell University

m The following figure illustrates the trend of the percentage size
of the giant component = versus the average degree ¢

o o o
B o ]

. :
1 1 1

Size of the largest component y

<
m
1

' [ | | ' 4
4] 0.5 1 1.5 2 25 3 a5 4

Average degree
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Introduction Random graphs The configuration model

Ave ra ge p at h I e n gt h Cornell University

m A non-rigorous argument to compute the average path length
works as follows:
m Imagine we look at the formation of the network steps by
step, starting from connecting one node at random, then a
neighbor, then one this neighbor neighbors etc.
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Introduction Random graphs The configuration model

Average path length QE) comattmvensy

m A non-rigorous argument to compute the average path length
works as follows:

m Imagine we look at the formation of the network steps by
step, starting from connecting one node at random, then a
neighbor, then one this neighbor neighbors etc.

® Recall E[d,] = (N — 1)p edges. For p = 5% we are adding
E[d,] = c edges on average for each node.
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Introduction Random graphs The configuration model

Average path length (&) cmarvmensy

m A non-rigorous argument to compute the average path length
works as follows:

m Imagine we look at the formation of the network steps by
step, starting from connecting one node at random, then a
neighbor, then one this neighbor neighbors etc.

® Recall E[d,] = (N — 1)p edges. For p = 5% we are adding
E[d,] = ¢ edges on average for each node.

m This implies that the average number of nodes that is s steps
away must be around c¢*
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Introc 3 guration model

graphs o
Ave ra ge p at h I e n gt h Cornell University

m This trend must stop when ¢®* = N because there are N nodes
in total in the network!
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Introduction Random graphs configuration model

Ave ra ge p at h I e n gt h i P Cornell University

m This trend must stop when ¢®* = N because there are N nodes
in total in the network!

m Hence, taking the natural logarithm at both sides of the
equality ¢® = N we get:

NlnN

~ T

Inc
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Introduction Random graphs

Ave ra ge p at h I e n gt h ‘,‘i Cornell University

m This trend must stop when ¢® = N because there are N nodes
in total in the network!

m Hence, taking the natural logarithm at both sides of the
equality ¢® = N we get:
_InN

~

Inc

m Exact calculation: Let dist,, be the shortest path between
nodes u and v. A more rigorous calculation for N > 1 (I will
skip the details for brevity) yields the following result:

l—1

P(dist,, > () = <1 — ]f]) — e

Z‘Or\
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Introduction Random graphs configuration model

Ave ra ge p at h I e n gt h Cornell University

m For P(dist,, > ¢) — 1 whenever ¢/ = aN'*¢ where a is some
scaling factor € > 0 is a small positive constant
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Introduction Random graphs The configuration model

Ave ra ge p at h I e n gt h i P Cornell University

m For P(dist,, > ¢) — 1 whenever ¢/ = aN'*¢ where a is some
scaling factor € > 0 is a small positive constant

m Thus, taking once again the logarithm at both sides of
ct = aN'*¢, we have:

constant
Ina In N
(= — 1
Inc +(1+e) Inec

which, up to the constant E—‘; is similar to what we found
before
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Introduction Random graphs The configuration model

How realistic is G(N, p)? B comtivntensy

m We have seen that G(V, p) allows for interesting and tractable
analysis of the graph features
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m We have seen that G(V, p) allows for interesting and tractable
analysis of the graph features

m One question is: “How realistic is G(N,p)?"

m As a matter of fact, not that much, in most cases. Networks
have more structure, even though it may be very different
from one case to the other.
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m As a matter of fact, not that much, in most cases. Networks
have more structure, even though it may be very different
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m This is readily apparent from comparing features such as the
degree distribution
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Introduction Random graphs The configuration model

How realistic is G(IV, p)? D Comet vy

m We have seen that G(V, p) allows for interesting and tractable
analysis of the graph features

m One question is: “How realistic is G(N,p)?"

m As a matter of fact, not that much, in most cases. Networks
have more structure, even though it may be very different
from one case to the other.

m This is readily apparent from comparing features such as the
degree distribution

m The only feature whose trend is realistic is actually the average
path length, which often tends to be in the order of In N
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Introduction Random graphs The configuration model

Observation: scale free networks (& cometttmmensy

m Empirical evidence shows that G(V,p) and some important
networks of interest are very different
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m The degree distribution for the Poisson model decays
exponentially and drops very fast in log-log scale.
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Introduction Random graphs The c ration model

Observation: scale free networks ) Comell Uriversty

m Empirical evidence shows that G(V,p) and some important
networks of interest are very different

m The degree distribution for the Poisson model decays
exponentially and drops very fast in log-log scale.

m Scale free networks: They are very frequent cases. “Scale
free” networks instead have a degree distribution that is a
power law, i.e. p, = ak™P + 5.

m In log-log scale it is a straight line. In fact, for a scale-free
network we can write

X in log-log scale

~ =
yr = logpy = —loga+p logk +logf

Anna Scaglione — Lecture 8- Random Graph Models 32/44



The configuration model

Introduction Random graphs

Comparison of G(N, p) features and real At

m On the right we see a comparison of degree distributions of
network and that of G(V,p) with a graph that has degree
distribution that is a power law (i.e. it is “scale free”)

m On the left we see the degree distribution in semi-logarithmic scale
for Wikipedia in different countries

7 Wikipedia
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O U tl I n e Cornell University

The configuration model
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Introduction Random graphs Asymptotic analysis

The Configuration mOdel Cornell University
graph analysis

m The basic idea is to fit an arbitrary degree sequence or degree
distribution to the sample space of graphs
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Introduction Random graphs Asymptotic analysis

The Configuration model ( Cornell University

graph analysis

m The basic idea is to fit an arbitrary degree sequence or degree
distribution to the sample space of graphs
m There are two versions:

In one the degree sequence is fixed d
In the second one, the degree distribution py is given, and the
degrees are drawn at random

m This model allows, for example, to match the power law
trends we visualized in the previous slides

Anna Scaglione — Lecture 8- Random Graph Models 35/44



Introduction aphs Asymptotic analysis

Configuration model: graph generation Cornal Universiy
graph analysis

m The N nodes are assigned

f /\ the degrees, forming a
series of stubs
/.

Lol
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Configuration model: graph generation D) Comet Uy
graph analysis

m The N nodes are assigned

f /\ the degrees, forming a
series of stubs
~ m The second step is to

match the stubs
O connecting each time one

of the edges
: o

o
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Configuration model: graph generation (&) comavmens
graph analysis

+ .

O

o

Lol

Anna Scaglione — Lecture 8- Random Graph Models

The N nodes are assigned
the degrees, forming a
series of stubs

The second step is to
match the stubs
connecting each time one
of the edges

The matching stubs are
chosen uniformly at
random, in the set of those
that have yet to be
matched

36/44



Introduction Random graphs Asymptotic analysis

Forming the random graph D) ComeliUnivesy

m This is an iterative process that can work only if the sum of the
degree sequence is even, because if the handshaking theorem, i.e.
d'1 =2|&|

m If the degree sequence is drawn at random, we can throw away
those that do not meet this criterion
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Introduction Random graphs Asymptotic analysis

Ed ge pro ba bi | ity i P Cornell University

m Recall M = |€|, so there are 2/ stubs total to match

m The probability of a match between node u stub with a specific
edge node v stub chosen at random uniformly is d,/2M — 1
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Ed ge p rO b a bi | ity ‘,‘j Cornell University

m Recall M = |€|, so there are 2/ stubs total to match

m The probability of a match between node u stub with a specific
edge node v stub chosen at random uniformly is d,/2M — 1

m Adding the probability of the events that correspond to all
possible d, choices for the edge, the probablility of an edge
between u and v is:

duyd,

puv:2M_1
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Introd

Multiedges and self-edges {8 comenvnsensy

m Nothing prevents from choosing node v again to match
another edge of node u and creating a multiedge
m Since one is already occupied, the probability of a second edge
bewteen (u,v) is:
@) d,d, (dy — 1)(dy, — 1)

Pu = o 21 T o —1 OM™)

which is relatively small for large M relative to the first one
which is O(M 1)
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Introd

Multiedges and self-edges {8 comenvnsensy

m Nothing prevents from choosing node v again to match
another edge of node u and creating a multiedge
m Since one is already occupied, the probability of a second edge
bewteen (u,v) is:
@) d,d, (dy — 1)(dy, — 1)

= = O(M™2
Y VS T Y Vi O(M™)

which is relatively small for large M relative to the first one
which is O(M 1)
m It can also be shown that the probability of a self loop is:

dy(d, — 1)
Poe =500 —1)

so this is not that much smaller if a node has a high degree
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Introduction Random graphs Asymptotic analysis

F r i e n d S h i p p a ra d OX ' Cornell University

m One peculiar property of the configuration model is the so
called friendship paradox: the degree of a node tends to be
less than the average degree of its neighbors.

m Even though the configuration model does not hit necessarily
the exact number, this phenomenon is observed in real

networks
o -  Average " Average NN
Network " degree neighbor degree TJ(;
" Biologists 1520252 155 68.4 1302
Mathematicians 253339 39 9.5 13.2
Internet 22963 42 224.3 2615
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Introduction Random graphs Asymptotic analysis

Friendship paradox proof S—

m Consider the event:
FEventi,=a node with d,, = k attaches to one with d, = k
m The expected numbers of nodes with degree k is Np; and so:

k kpx,
—— Npp ~
IM — 1 P ave

where d®¢ = 2M /N is the average degree due to the
handshaking theorem (we ignored the -1 in the denominator,
assuming M > 1). It follows

P(Fventy) =

E[d’u|du - k? (U./ /U) S 5 Z kP Eventk dave Z Pk

>0
,./\\
1
_ Tove (03 + (dave) ) _ do‘-;ie _I_dave Jave
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Introduction Random graphs Asymptotic analysis

Random graphs with given expected degrég)) comaunmersy

m Can we modify (NN, p) to impose a degree distribution
different from the Binomial?
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Introduction Random graphs Asymptotic a

g i Ve n eX p ected d e Cornell University

m Can we modify (NN, p) to impose a degree distribution
different from the Binomial?

m Yes, by appropriately selecting the edge probabilities p,,,
insteand of assuming that it is a constant p

m This is named the Chung-Lu model and the choice of p,, that
is used is as follows:

C

i else

CuCo
_ ) S uFv
Puv = 2

m In this case the average number of edges can be shown to be
M (1 will skip the explanation for simplicity) and the expected
degree is E[d,] = ¢,
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Introductic

C O n C | u S i o n s ¥ Cornell University

m We have surveyed a couple of important stochastic models for
graphs

m A benchmark is the Poisson random graph

m A case that allows for more realism is the configuration model

m Next time we will consider a few more models and compare
their average features with real networks
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