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C 0 n te n t Cornell University

Walk, Trail, Path, Cycle

= Distance between nodes

Algebra of networks
m Premise
m Adjacency matrix
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Walk, Trail, Path, Cycle
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works Conclusion

Moving on a graph =) come niversy

m In some applications the data of interest can be modeled as
the sequence of nodes visited on a graph
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m In some applications the data of interest can be modeled as
the sequence of nodes visited on a graph

m These visits of nodes in many cases are modeled as a
stochastic process called random walk
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Algebra of networks Conclusion

Moving on a graph () comenvniesy

m In some applications the data of interest can be modeled as
the sequence of nodes visited on a graph

m These visits of nodes in many cases are modeled as a
stochastic process called random walk

m Irrespective of the domain application how easy it is to
navigate the entire graph is often a feature of interest to
understand how efficient is the interaction in the network,
since it affects

m how graph nodal data can change in light of a triggering
event that propagates through the network
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Algebra of networks Conclusion

Moving on a graph () comenvniesy

m In some applications the data of interest can be modeled as
the sequence of nodes visited on a graph

m These visits of nodes in many cases are modeled as a
stochastic process called random walk
m Irrespective of the domain application how easy it is to
navigate the entire graph is often a feature of interest to
understand how efficient is the interaction in the network,
since it affects
m how graph nodal data can change in light of a triggering
event that propagates through the network
m how well goods, money, data, opinions, viruses flow and
spread in an network.
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Algebra of networks Conclusion

Example: browsing trends Cornll Universty

m For example, in webometrics the classic example is the users
browsing hystory is the pattern in which users navigate
hyperlinks (a fingerprint for the user)

Weh Mising
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Algebra of networks Conclusion

EXa m p | e: e p i d e m iCS / Cornell University

m This is an example where the dynamics of the spread of an
state (virus infection, idea, failure) are affected by navigating
the human network
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Moving on a graph: walk e p—

Graphs topological characteristics

A walk is a sequence alternating vertexes and the edges that connect
them and ending with a node.

yo,0n = {V0,€1,V1,--.,Un_1,€n, U}

The length of the walk is n, i.e. the number of edges in 1.
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Moving on a graph: walk D comatvnsesy

Graphs topological characteristics

A walk is a sequence alternating vertexes and the edges that connect
them and ending with a node.

yo,0n = {V0,€1,V1,--.,Un_1,€n, U}

The length of the walk is n, i.e. the number of edges in 1.

\,

Open walk

A walk is said to be an open walk if the starting and ending vertices are
different i.e. the origin vertex and terminal vertex are different.

£

\,
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Moving on a graph: walk D comatvnsesy

Graphs topological characteristics

A walk is a sequence alternating vertexes and the edges that connect
them and ending with a node.

yo,0n = {V0,€1,V1,--.,Un_1,€n, U}

The length of the walk is n, i.e. the number of edges in 1.

\,

Open walk

A walk is said to be an open walk if the starting and ending vertices are
different i.e. the origin vertex and terminal vertex are different.

£

Closed walk

A walk is said to be a closed walk if the starting and ending vertices are
identical.

v
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EXa m p | e Of Wa | k Cornell University

m The nodes are visited 122232422153

multiple times in general.
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Example of walk

) Cornell University

m The nodes are visited I=2=3=4=2-=1-5
multiple times in general.
Rl—=2-=3-4—=2—
1 — 3 (shown in the figure)

is a walk (more specifically
an open walk)
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EXa m p | e Of Wa | k ‘> Cornell University

m The nodes are visited l=2223-24-22-2123

multiple times in general.

Bl —>2—-3-24—-2—
1 — 3 (shown in the figure)
is a walk (more specifically
an open walk)

m The first five steps of the
walk are
1-2—-3—-4—-2—1,
which is a closed walk.
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Tra | | a nd Cl rCU |t 9 Cornell University

Graphs topological characteristics

A trail between two nodes t, , is a walk without repeated edges.
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Tra | | a nd Cl rCU |t 9 Cornell University

Graphs topological characteristics

A trail between two nodes t, , is a walk without repeated edges.

A trail is a closed trail. Can have repeated vertices only.
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Tra | | a nd Cl rcu |t Cornell University

Graphs topological characteristics

A trail between two nodes t, , is a walk without repeated edges.

A trail is a closed trail. Can have repeated vertices only. Note that
nodes can be visited multiple times in a trail.
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) > Cornell University

l1-22—+41—-3—=26-28—=23—=1

Circuit
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P a t h a n d CyC I e / ‘) Cornell University

Graphs topological characteristics

A path between two nodes p,,,, is a trail t,, without repeated nodes.

m For trees, forests and poly trees any walk that starts at the
root or an internal nodes and ends to a leaf is a path.
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P a t h a n d CyC I e / : Cornell University

Graphs topological characteristics

A path between two nodes p,,,, is a trail t,, without repeated nodes. I

A cycle is a non-empty trail in which only the first and last vertices
are equal and the edges are different too.

m For trees, forests and poly trees any walk that starts at the
root or an internal nodes and ends to a leaf is a path.
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Examples of path and cycle (&) comenvnenss

6823515214 1—-2—2-4—-53—>1
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O Utl I n e / ) Cornell University

Walk, Trail, Path, Cycle

= Distance between nodes
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net

Distance on a graph B Comell University

Graphs topological characteristics

m The graph distance of
two nodes is the
length of the shortest
path that connects
them.

m The path distance for
a weighted graph is
Y ecpu, We IS the edge
weight).

Graph G

Open Walk: v, €7, U%, €8, U1, €8, Us, €4, U4, €5, U4, €5, U4

Closed Walk: V4, €5, V4, €3, U3, €2, V2, €7, Us, €5, U4

m The graph diameter is
the longest shortest By, e i iy
path bewteen any Circunit: V3, €7, U8, €6, U4, €3, U3, €2, Vg
node pair.

Irail: Uy, €8, Us, €g, U1, €1, Vg, €7, Us, €5, U4, €5, Uy, €4, U4
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Algebra of networks Conclusion

Why is this notion |mportant? () comenvniesy

m One of the most important features of a graph model is how
difficult it is to reach its node from a certain origin
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Algebra of networks Conclusion

<N
JJ Cornell University

Why is this notion important?

m One of the most important features of a graph model is how
difficult it is to reach its node from a certain origin
m It is important for flow networks, like routing or transportation
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networks Conclusion

Why is this notion important? D) ComellUniversy

m One of the most important features of a graph model is how
difficult it is to reach its node from a certain origin
m It is important for flow networks, like routing or transportation
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m It is a feature that helps understanding how well connected
the network is and correlates with fast graph dynamics.

Anna Scaglione — Lecture 3 - The algebra of networks' graphs 15/54



Algebra of networks Conclusion

N

Distance in graph representing data (&) comenvmmesiy

m We mentioned that graph can be a proxy to understand the
low dimensional structure of data
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Spanning Trees S

m A spanning tree connects all the vertices of a graph with the
minimum possible number of edges. It is not unique in general.
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S p a n n i n g Trees Cornell University

m Breadth First Search or Dijkstra's algorithms find it with
complexity O(|€| + |V|) or ©(|€|log(|V|) + |V|). Dijkstra’s alg.
can minimize the sum of edge weights not just path lengths.

Add the source node
to the queue and set
its distance to 0

Initialize all distances
with a large value

Update neighbors'
distance and push them
to queue if needed

Extract a node from
the queue
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Algebra of networks Conclusion

N etWOr kX fu n Ct i o n S ¥ Cornell University

In Networkx you can use the functions:

®m MINIMUM_SPANNING_TREE(G) that uses Kruskal's algorithm to
find a spanning tree from a certain source node.
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https://networkx.org/documentation/stable/reference/algorithms/shortest_paths.html

Algebra of networks Conclusion

Networkx functions () T—

In Networkx you can use the functions:

®m MINIMUM_SPANNING_TREE(G) that uses Kruskal's algorithm to
find a spanning tree from a certain source node.

m SHORTEST_PATH(G) which has the option of using Dijkstra or
Bellman-Ford algorithms. It can use the weights, interpreted as
edge distances/costs.

m There are several related functions to calculate functions of the
shortest path (the existence of a path, all paths, the length of the
shortest path, the average length etc.)
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Algebra of networks Conclusion

Al
Wa | ks VS pat h S i P Cornell University

m We will see that walks are easy to count algebraically using
the adjacency matrix

m Paths are combinatorially hard (NP-hard variants appear
quickly)

m This is why shortest paths calculations are algorithmic, not
spectral

Anna Scaglione — Lecture 3 - The algebra of networks' graphs 20/54



alk, Trail, Path, Cycle Conclusion

O U tl I n e Cornell University

Algebra of networks
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k, Trail, Path, Cycle Conclusion

QOutline

) Cornell University

Algebra of networks
m Premise
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Walk, Trail, Path, Cycle Conclusion

P re m |Se Cornell University

Algebra of networks

Matrices are not a compact representation of a graph when it is
sparse. The adjacency list requires O(|V| + |€|) and the matrix

O(|V*).
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, Trail, Path,

P re m |Se i Cornell University

Algebra of networks

m They are, however, very useful to understand how to model
data that are explained by network dynamics, and inform
algorithms to process them.
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, Trail, Path,

P re m |Se i Cornell University

Algebra of networks

m They are also useful to explore the topology: Counting walks,
measuring reachability, detecting communities, and modeling
dynamics all reduce to matrix operations.
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Walk, Trail, Path, (

cle Conclusion

P re m |Se Cornell University

Algebra of networks

m Perhaps one of the most interesting is the Laplacian, which is
used for various types of analyses (the study is called spectral
graph theory
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Valk, Trail, Path, (

P re m |Se i Cornell University

Algebra of networks

m The Laplacian also emerges in a number of network dynamics
and is fundamental in Graph Signal Processing.
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Walk, Trail, Path, Cycle Conclusion

QOutline

Cornell University

Algebra of networks

m Adjacency matrix
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Walk, Trail, Path, Cycle

Adj a Ce n Cy m a t riX ‘,‘i Cornell University

m The adjacency matrix A elements for a directed graph are:

4 1 if there is an edge from v to u, i.e. (v,u) € €
Y10 else.

m The definition above accounts only for the topology. The
weighted adjacency matrix has elements:

o Wy, if there is an edge from v to u with weight w,,
" 0 else.

The diagonal terms are zero if the network has no self-loops.
m For undirected we need to add A,, = A,,, i.e. A=AT.
m Note: In networkx the adjacency generated is equal to AT.
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Trail, Path, n

Visualization of different types of graphs (&) comaivnmersy

o0 01 00 g 0 1 1 00 0. 0. 1.5 3.1 . i
00 1 o0 o0 LU T T B Y B | y] 0. T.2n 0 . 2.1
L o000 10 L1 040 10 1.0 7.20 0. 0 #.0 .
G0 0 001 L a0 o 1 1 31 0. 0 0. 475 1
o 00 1 01 o601 1 01 0 0. a5 478 0 3.25
G 1T 00 00 01 01 10 0 21 0 101 328 0

4%%1 4w\ l 4§|\ l

2 & 5— ™ CR—— ]

m On the left, a directed graph - note A # A"

m Middle and right side, undirected unweighted and weighted graphs
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, Trail, Path, Cycle Conclusion

Degrees from the adjacency matrix Comll Universy

m Let 1 be the all ones vector. Note that for an unweighted and
undirected graph/adjacency matrix the vector of degrees is
d= Al.
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Walk, Trail, Path, Cycle Conclusion

Degrees from the adjacency matrix Cornal Universiy

m Let 1 be the all ones vector. Note that for an unweighted and
undirected graph/adjacency matrix the vector of degrees is
d= Al.

m For an unweighted directed graph

m dT = Al is the vector of in-degrees [d*], = |N,F|.
m d~ =17 A is the vector of out-degrees [d ], = |\, |.
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Walk, Trail, Path, Cycle Con

Degrees from the ad] Jacency matrix Comll Universy

m Let 1 be the all ones vector. Note that for an unweighted and
undirected graph/adjacency matrix the vector of degrees is
d= Al.

m For an unweighted directed graph

m dT = Al is the vector of in-degrees [d*], = |N,F|.
m d~ =17 A is the vector of out-degrees [d ], = |\, |.

m Assuming that A is the weighted adjacency matrix, instead of
the degrees the elements of A1 are the sums of the weights:

EvENu Wy
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, Trail, Path, Cycle Conclusion

Adjacency matrix for multigraphs Comll Universy

m |t is often better to look at the multi-graphs as a series of
graphs G(t) = (V,£(t)), but the convention used to define

their adjacency matrix of a multi-graph is setting
T

T
Ayw = number of edges from v to u in the set | J £(t) =D Au(t).
t=1

t=1

00 00 O0O0
0 00O0O0TGO
00 0O0O0GO0
12 0 0 0 0
1110 00
021000
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k, Trail, Path, Cycle

Conclusion

Multigraphs adjacency tensor representatiOn)) coeivmenis

whose slices are the matrices that correspond to the different
graphs adjacency matrices, i.e. Ay : [A¢]yy = Ayuw(t)

A B G D
Mic 4 -EXPrEssi i 3 ; K
iecoarray) Co E\p'cb_slm‘ Collection of networks 3"-prder tensor with dimensions gene = gene * network
datasets netwaorks
Diataset | ol
Dex B
- & ,_/"5,4
. G o .
Drataset 2 f)’(l = i
=
F G H
Datasel 3 16
DX} i
- 4
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Dataset 4 D C g
8 >\
=i
i

Diataset 5 o v H
= r:'/-') A

L G H
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, Trail, Path, Cycl Conclusion

N u m ber of Wa | ks Cornell University

Number of walks

Consider a directed or undirected graph and a positive integer k. The
number of directed and undirected walks respectively from node 7 to
node j of length k is the entry on row i and column j of the matrix A*,
where A is the adjacency matrix.

00011 22111 2336 3
D0 L1 231 2 1 345 77
A={0 101 0],42=[1121 2/ ,A=|3526 3
11 01 1T 21 4 2 6 7 667
11010 112 23 BT 3T A

For instance the clement 'A”]-|:-3 — B iz the munber of walks herween node |

and node 2 of length 3. These wallks arer | 24205 —=2, | 2421 =2,

l—=2=1—=2 1=2=24—=2 1=22—=53=2
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C 0 n n ected g ra p h S / ‘) Cornell University

Strongly connected graphs

If a graph is strongly connected then there exist a finite k, 1 < k < 400
such that 3% , A’ has all elements that are non-zero. For fully
connected, clearly k = 1.

m In fact the elements of A are. equal to the number of walks from
any two nodes

m This is way larger than the number of paths
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Walk, Trail, Path, Cycle

G ra ph La p | a C i a n ‘,‘i Cornell University

m Another very important matrix for the analysis of both
topological as well as graph data processes is Laplacian
matrix. It is defined for undirected graphs as:

L =diag(d) — A

m We will study this operator in detail. It measures how different
are a node value from its neighbors

[La); = ) (v — ;)
JEN;
m We will see that if the Laplacian is never full rank. In fact,

L1 = 0. An undirected graph is strongly connected if the
rank of L is N — 1.
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Walk, Trail, Path, Cycle

G ra ph La p | acC i an ‘,}) Cornell University

m Another very important matrix for the analysis of both
topological as well as graph data processes is Laplacian
matrix. It is defined for undirected graphs as:

L =diag(d) — A

m We will study this operator in detail. It measures how different

are a node value from its neighbors
JEN;

m We will see that if the Laplacian is never full rank. In fact,
L1 = 0. An undirected graph is strongly connected if the
rank of L is N — 1.

m If the Laplacian has rank N — k then there are k strongly
connected components.
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Walk, Trail, Path, Cycle

G ra ph La p | acC i an ‘,}) Cornell University

Another very important matrix for the analysis of both
topological as well as graph data processes is Laplacian
matrix. It is defined for undirected graphs as:

L =diag(d) — A

We will study this operator in detail. It measures how different
are a node value from its neighbors

JEN;
We will see that if the Laplacian is never full rank. In fact,
L1 = 0. An undirected graph is strongly connected if the
rank of L is N — 1.
If the Laplacian has rank N — k then there are k strongly
connected components.
These are results of algebraic graph theory.
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alk, Trail, Path, Cycle Conclusion

N um ber of spanning trees () comettmivensy

m There are two results on the number of spanning trees

t(9):

Cayley’'s formula
The number of spanning trees for the complete graph is n" 2.

Kirchoff theorem

Let L = diag(d) — A, where diag(v) is a diagonal matrix with
diagonal elements equal to v; and d is the degree sequence. Then,

denote by Ai, A9, ..., Ay are the eigenvalues of the matrix L:
1
t(g) = —)\1 . )\2 cee )\N—l
Vi

A\

The Laplacian reveals many interesting properties for the
corresponding graph and appears in many graph data models.
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alk, Trail, Path, Cycle Conclusion

O U tl I n e Cornell University

Algebra of networks
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Walk, Trail, Path, C

Conclusion

Directed Acyclic Graphs (DAG): Example

N
9 Cornell University

2003
—
2005 : @
2006 Hait
2007
2008 / . .
) Doughsrty 2 . Woolf (2] .
m Often, if the nodes are _ N cnes!
. 2003
properly ordered, the matrix A LA/ Q ©
. Lucan | Kleinman Schully Wang
reveals an underlying fact o 4 _ L\
(o] (4]
abOUt the graph DAG sinberyg Rubio Khoury Hiall  Sofaer
e i 2011
example: citation graphs. 7 ‘S .
Dralet Momis Abernathy, Khoury Shekhar
oz
(2] Q
Sanlen Blumbery
213
© - o 8 a
Crandell Lam Lam Seals Tullle
204
@ ]
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Trail, Path, Cyc onclusion

Directed Acycllc Graphs (DAG) (&) comervensy

m One of such cases is that of DAGs, for which under proper ordering
called topological, A appears as an upper triangular matrix.

Directed Acyclic Graph Algorithm 1: Kabn's Algorithin for Topological Sort
Topalogical ordering Data: A DAG &
Result: A topological sort of all vertices in
V= {root, a, b, ¢, d. e} Compute in-degree (number of incoming edges) for each vertex in G;
000000 I’tul. all the vertices with l.l in-degree into a queue ;
100000 (.n-‘zm: an cmpty vertex list L
; while ¢} is not empty do
010000 ;
Remove a vertex u from ¢:
001000
010100 Add u to the end of the L;
foreach u's neighboring node v do
0011 10

Decrease ©'s in-degree by 1:
if v in-degree s 0 then
Add v to @
end
end
end
return L;
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Walk, Trail, Path, Cycle Conclusion

B i p a rt i te G ra p h S ornell University

m The adjacency matrix of bipartite graphs also has a natural order
by placing the two groups together.

e e === R xR ]
=R el [ R e R B
o= =D DD D O
= _-oo o o o
oD DD = =
[ B e B | e e
o O Ol O =
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Walk, Trail, Path, Cycle Conclusion

D |SCOn n ected G ra p h s ) Cornell University

m The adjacency of a graph with disconnected component can also
reveal the two communities. This graph is G = G; U Gs

01 1]0 0 0 O o g
1 0 1{0 0 0 O
1 1 0J0 0 0 O
0 0o 0j0 1 1 1
0 0 0j1 0 1 0O
0 0 0J1 1 0 1
0 0 Op1L 0 1 0
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Walk, Trail, Path, Cycle Algebra of networks

k
O Utl I n e ‘> Cornell University

Conclusion
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Walk, Trail, Path, Cycle Algebra of networks

C O n C | u d i n g re m a r ks Cornell University

m We explored the properties of the adjacency matrix
(completed in the next lecture)

m In the next lecture we will study the incidence matrix and its
application to network flow problems.
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